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ABSTRACT

A necessary and sufficient condition for an operator from C(K), K compact
metric, into a Banach space X to be an isomorphism on a subspace of C(K)
isometric to Cy(w*) is given.

0. Introduction

In the papers of Pelczynski [7] and Rosenthal [10] operators from C(K), K
compact metric, into a Banach space X were considered. Pelczynski showed that
a non-weakly compact operator with domain C(K) is an isomorphism on a
subspace Y of C(K) with Y isometric to c,. In his paper Rosenthal proved that
if K is a compact metric space and T*Bx. is non-separable then there is a
subspace Y of C(K) with Y isometric to C[0, 1] such that T restricted to Y is an
isomorphism. Both of these results use a condition on T*Bx. to produce the
required subspace Y. In this paper we give a condition on T*By. which ensures
that there is a subspace Y of C(K), Y isometric to Cy(w®), with T an
isomorphism on Y.

To state our result we need to recall the definition of index as introduced by
Szlenk [12]. Let A be a bounded subset of a separable Banach space X and B a
bounded subset of X*. For any ¢ >0 let Py(e, A, B)= B and having defined
P.(e, A, B) for any ordinal @ we let P,..(s, A, B)={b!there are a sequence
(ba)n-1CP,(e, A, B) and a sequence (a, )r-, C A such that b, SN b, a, —> 0, and
lim, (b., a.)= €}. If B is a limit ordinal, we let Ps(e, A, B)= {1, P.(¢, A, B).
Finally we define the ¢-index as
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1(g, A, B)=sup{a < w,| P.(g, A, B) # J}.

Under the additional assumptions that X * be separable and B be w *-closed
Szlenk shows that the sets P,(¢, A, B) are w *-closed and 7 (e, A, B) < w, for
each ¢ > 0. We do not wish to restrict to the case of X * separable since for us X
may,be C[0, 1]. Actually, if B is separable, and B = B*" the argument of Szlenk
still shows that n(e, A, B) < w,. Indeed, if we alter the definition of the sets
P.(e, A, B) so that rather than requiring the sequence (a.).-, to converge
weakly to zero that it converge to zero with respect to B, i.e., (b, a.}— 0 for all
b € B and we let Q. (¢, A, B) be the corresponding sets, then for each a < w4,
Q.(e,A,B)D P.(g,A,B). The sets Q,(¢, A, B) are w*-closed, and the argu-
ment of Szlenk shows that sup{a:Q.(s, A, B)# O} <w,. Consequently
n{(e, A, B)< w,.

Another property of the sets P, (¢, A, B) which Szlenk states is the following

Prorosition 0.1. If X and Y are separable Banach spaces and T is an
isomorphism from X into Y, then P,(e, A, B)= T*(P.(¢e, TA, T*'B)) for every
a<w, and ¢ >0.

Prook. Clearly Py(e, A, B) = T*(Po(e, TA, T* 'B)). Inductively assume that
for all B <a, Ps(e, A,B)=T*(Ps(¢, TA, T*'B)). For limit ordinals a it is
obvious that this implies that P,(e, A, B) = T*(Ps(¢, TA, T*"'B)).

If «a =B +1 for some B and b € P, (¢, A, B) then there exist a sequence
(b.)--1CPs(e, A, B) and a sequence (a.).- CA such that b, N b, a, =0, and
lim, (b,, a.)Z &. By passing to a subsequence if necessary we can find a sequence
(¢.)7-1CPs(e, TA, T*'B) such that T*c, = b, for each n and (c. )i, converges
to an element ¢ of T* 'B*". Thus lim, (¢, Ta,) = lim, {b., a,) = ¢ and therefore
¢ EPs(e,TA, T*'B) and T*c = w*lim,b, = b.

Conversely, if ¢ € Ps.i(e, TA, T*'B) there exist a sequence (c.)n-:C
Ps(e, TA, T*'B) and a sequence (d,):-, CTA such that c, —‘i)c, d. >0, and
lim, (Cn, d.)Ze. Since T is an isomorphism, T7'd, 5. Clearly
lim, (T*c,, T"'d,) = lim, (¢, d.) = ¢ and thus T*c € P,..(¢, A, B).

We can now state our result on C(w*®).

THeOREM 0.2.  Let K be a compact metric space and let T be a bounded linear
operator from C(K) into a Banach space X. If there is an € >0 such that

n (E, BC(K), T*Bx-) ; w

then there is a subspace Y of C(K) such that Y is isometric to Co{w®) and T/Y is
an isomorphism.
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The condition n(e, Bew), T*Bx-)2 @ for some ¢ >0 is also a necessary
condition since T(C(K)) is separable. This is a consequence of Proposition (.1
and

Lemma 03. If B<w, then for all a<ew,, P.1,Bcg),Bce)r)=
co{+8,:y €[1, B’} where 8, is the point mass measure at y and [1, B]* is the
ath derived set of [1, B].

Proor. Clearly the set P.(1, Begy, Begy) is convex for each o < w; and
Po(1, By, Boy) = co{* 8,y €1, B]}. Suppose the lemma is true for all
p < a. If a is a limit ordinal, the induction step is trivial. If &« = p + 1 for some p
and y €[1,B]*"", there is a sequence (y.)r-:C[1,B]*® with y. 1 v. Since

87,, _W_‘_) 87’ 1[7nfl+lv7n]_w)0’ and
li’rln <5w 1!7n—-+l.7n1> =1, &, € P,.i(1, By, Begsy)

On the other hand, if u € P,. (1, Bcg), Begy), we can assume that

2 v, Where 2 [a: ' =1 and (‘Y- i=1 C[lv B](p)’

by induction. There exist a sequence (u.),-1CP, (1 By, qu) )=
co{+8,:y €[1,B]*} and a sequence (f.) C B, such that g, N s fr —>0 and
lim, (., f.) = 1. If for some i, v, & [1, 8]®*" then since v, is an isolated point of
[1,8]®, m.({y:})— (v.}). But then because f, —0, f.(y.)—0 and hence
lim, (o f)=1-]a|<1.

One might conjecture that the theorem may be generalized as follows:

There is a function ¢: [0, w,})— |1, w,) such that if K is a compact metric space
and T is a bounded linear operator from C(K} into a Banach space X such that
for some £ >0

(&, Be), T*Bx-) Z ¢ ()

then there is a subspace Y of C(K) isometric to Co(w®") such that Ty is an
isomorphism.

(We consider only the spaces Co(w“”), @ < w,, since by [2] these form a
complete set of representatives for the isomorphism classes of C(K) spaces for K
countable.)

A reformulation of the earlier mentioned result of Pelczynski shows that
¢(0) =1 is the correct choice (See Remark 2 following Lemma 1.3). Thus an
obvious candidate for ¢ (a) is “ for each @ < w,. However, in [1] we show that

onto

there is an operator T: Cy(@*’)—> Co(w*’) such that
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1 2
NG, B ey’ T*B o) Z @

but there is no subspace Y of Co(w®’) such that Y is isomorphic to Co(w*’) and
Ty is an isomorphism.

We use standard Banach space notation as may be found in [6]. All operators
between Banach spaces will be bounded and linear. If K is a compact metric
space we will identify C(K)* with the space of all finite signed Borel measures
on K. All subsets of such K considered will be Borel measurable.

Besides the notation K for the ath derived set of a topological space K
which we used above, it will be convenient to have several specialized notations.
K@ —K®*P will be abbreviated to K**. If a subset A of K is written
A = {a.}.ea for some set of ordinals A, we mean that the correspondence a, <> a
is a homeomorphism where A is given the order topology. If B8 is an ordinal,
C(B) (resp. Co(B)) denotes the space of real or complex valued continuous
functions on the ordinals not greater than B (resp., and vanishing at 8). We will
give proofs only for the real case but they may be easily adapted to the complex
case. The reader may wish to consult [11] for information about ordinals and
their arithmetic.

Finally we will have occasion to use the convention that if M is an infinite set
of positive integers limy a, means lim,_... a,, where k — n, is a strictly increasing
map of N onto M.

1. Some technical lemmas

We begin with a few technical lemmas which we will use in section 2.

For the first lemma we need to define a quantitative measure of the
non-uniform absolute continuity of a set of measures.

Let F CBe«x), K a compact Hausdorff space, and let u be a probability
measure on K such that forall v€ F, v < u (l.e., FCL(u)). Define A(F,u) =
sup{e V8 >0,3v € F and A CK such that [v|(A)Z e and u(A) <}

Observe that if A(F, u)=p and B, is a decreasing sequence of subsets of K
such that (-, B, = & then for every y > p there is an N such that [v|(By)=y
for all v E F.

LemMma 1.1, Let F CBewy, FZO, and w a probability measure on K such
that F CL\(u). Then there exist a sequence (v.)n-, CF and a sequence of disjoint
closed sets (A.)n-1, A, CK for each n, such that

(Vniag - isu.a.c. u

(uniformly absolutely continuous with respect to )
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and
lim v [(A)= A(F p).

The proof of this lemma is contained in the proof of theorem 6 of [5], but we
will include a proof for completeness.

Proor. If A(F, p)=0, the result is obvious, so assume that A(F, u)=8 >0.
We will choose the measures (v.),- by induction.

Let v, € F such that there is a subset B, of K with |v[(B:})>38/4 and
n(B,) < 8/4. Next choose v, EF such that there is a subset B, of K with
[v2](B>)>78/8, p(B:)<8/8, and |v,|(B) < 8/8.

Suppose we have chosen (v,)i2{ and (B )i=}, choose v, € F such that there is a
subset B, of K with |v [(Bc)>8(1—1/2%), u(B)<8/2*"", and |v|(Bx)<
8/2**', 1=i =k — 1. This is possible since the finite set (»)i2| is u.a.c. .

For each k let B; = B, — U7, B; and choose a closed set A, C B such that
v [(Bi— Al) < 8/2*. We have that

e [(A)> | v [(BL)— 8/2* ;|Vk|(3k)—2—?_—l>a(1—-23—_2>.

Also since the sets (Bi)i-, are disjoint, the sets (Ai )i, are disjoint.
If A ((Vaiac )ner, o) = € >0, for every k € N we could find a subset D; of K and
an integer n, such that [vag [(Di)>¢/2 and p(Di)<1/2". But then

! Vny | (A, U Dk)> 8(1 — 2‘"u+2)+ e/2.

Since (A, UD)—0, A((va )e-1, )= 8 + /2, a contradiction.

The next lemma shows us that we can replace the closed sets in Lemma 1.1 by
open sets by making a small sacrifice. This lemma is due to A. Pelczynski (lemma
1 of [8]) in a slightly different form.

Lemma 1.2. Let (p.)n-1CBcwky, K a compact Hausdorff space. Suppose
(F.)a-1 is a sequence of disjoint closed subsets of K such that | . | (F.) = |pa [(K).
Then for every £ >0 there exist a subsequence (n, )i-1 0f (1n)-1 and disjoint
open sets Gy such that

a) [t [(G) > | — € VK,

b
) bl Y Gu<e VL

Proor. We choose the measures and open sets inductively.
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Let (/)7-, be an increasing sequence of positive integers such that =7, [;' < ¢
and consider F,, F;,---, F,. Since K is a compact Hausdorff space we can find
disjoint open sets G(1,1), G(1,2),--+,G(1,1,) such that G(1,j)D F, for j =
1,2,+-+, 1. For some n; there is an infinite set N;CN—{1,2,---, 1} such that
| 1(G(1, ny)) = 1/1, for every n € N,. Indeed, if no such n, exists then we could
find an n such that |w.|(G(1,[))>1/l, for j=1,2,---, L. But then |u.|=
2 ma|(G(1,j))>1, a contradiction.

Thus we have n, and we can choose an open set G,CG(1,n;) with
G, CG(,n) and | g, | (G) > | pa | (G, m1)) = 7.

Next let F(l,n)=F,-G(1,n) for each n€N, and let n(l,1),
n(1,2),---,n(l, L) be the first I, elements of N,. As before we can find disjoint
open sets G(2,1),G(2,2),---,G(2,L) such that G(2,j)D F(1,n(1,j)) and
G2, jH)yNnG, =, forj=1,2,---, .. Again we can find an infinite set N, CN, —
{n(1,1),n(1,2),---,n(1,)} and an index n(l,k), 1=k =1, such that
| [(G2,k))= 1/, for all n € N,. Let n,= n(1, k) and choose an open set G,
such that G,CG(2,n,) and | [ (G2) > | m (G (2, 1)) — 15"

Continuing in this fashion we can find measures (., )x-1 and disjoint open sets
(Gi)i-1 such that |, [(G)> | ptw | — =521 17 and | [(G)) =17 if k > . Thus
Lo, [(G) Z || tm || — € for each k and |u,, |(Uju G =2kl <&

We will use Lemmas 1.1 and 1.2 in concert as

LEMMA 1.3. Let F be a nonempty subset of Bcy, K a compact Hausdorff
space, and let p be a probability measure on K such that FCL,(n). If
A(F,u)=38>0 then for every £ >0 there exist a sequence (u.).-.CF and a
sequence of disjoint open subsets (G.).-1 of K such that

a) (G >6—¢ Vn,
®) lm | U Gu<e VYm,
c) A((fnics )a=1, ) < €.

Proor. By Lemma 1.1 we can find a sequence (v )i-; CF and a sequence of
disjoint closed subsets of K, (Ai)i-i, such that lim, |y |(A)=6 and
A((viag)i=1, ) = 0. To get the required sequence (. )~ and open sets (G, )x-,
we apply Lemma 1.2 to (v as)e-: and (A )-1.

REMARK 1. Note that if K is 0 dimensional we can use the regularity of the
measures (i, ) to replace the sets (G,) by clopen sets (H,) such that
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a) lun|(H)>8—¢  ¥n,

b) el (Y H)<e vm

<) A(foniprg -1, ) < €.

ReEMARK 2. Using Lemma 1.3 we can show that an operator T: C(K)— X is
not weakly compact if and only if for some & >0, n (g, Bewy, T*Bx-) = 1. Indeed,
it is well known that T is weakly compact if and only if T* is weakly compact.
Also T*Bye. is relatively weakly compact if and only if there is a measure . on K
such that T*Bx- is uniformly absolutely continuous with respect to u. Hence
suppose T *Bx. is uniformly absolutely continuous with respect to some measure
p on K. Then if (u,)i-) C T*Bx- and (f.);-) C Bew) with f, =0, we have that
(ftn, fa)— 0, for, by Egorov’s Theorem f, — 0 uniformly on most of K and the
t.’s are small on the remainder. Consequently, (g, Bewk), T*Bx-) = 0 for every
€ >0. Conversely if no such p exists, we can find a measure v and a subset
F CT*By- such that FCL,(v) and A (F, v) = 8 > 0. Hence by applying Lemma
1.3 we can find a sequence of measures (,):-: and a sequence of disjoint open
sets (G.)az: such that | v, [(G.)>3/46 and | v, | U, ., G < 8/4. We now choose
a continuous function f, € Bew, for each n such that (w.f.)>8/2 and
sup f. CG,.. Clearly f, 50 and any limit point of (w.).-, is in
P.(8/2, B¢y, T*Bx-). Therefore 7(8/2, Bew), T*Bx-) 2 1.

In the proof of Theorem 0.2 we will construct a subset F of C(K)* and the
subspace Y so that the evaluation map taking Y into Co(F) is an isomorphism
onto Cy(F) and F is homeomorphic to [1, w*]. The space Y will be a ¢, sum of
spaces Y, isomorphic to C(w"), n=1,2,---. Let us examine the structure
of C(w™).

If A is a set of ordinals and a € A let

v={sup{b|bEA,b<a} if a#infA
a 0 if a=infA,

eg ifA ={w’j+w’k|j,k EN}and a = w’jo+ w’kothen a™ = 0’jo + 0’(ko— 1).

Note that a™ need not belong to A and that if a € A — A%, i.e, a is not
isolated in A, a~ = a. (We consider A as a subspace of [1,sup A ] with the order
topology. For closed sets A this is the same as the order topology on A.) for each
k, k=0,1,---,n let

gk = {l(afu]‘ a € [1, w"]d(k)}
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and ¥ = U;., %. From the Stone Weierstrauss Theorem it follows that
[F]=C(w").

The spanning set ¥ will be our model for constructing the space Y,. Note that
we have a bijection between the points of [1,w"] and the set {(¢",a]|la €
[1,0"]**, k =0,1,-- -, n}. In constructing the space Y, we will want to imitate
the relationship between the point masses {8.:a = "} and the intervals
{(a ,alla €[l,0")*™, k=0,1,---,n}. Our goal will be to find a subset
{tta}a=wr of T*Bx. and open sets {G.}a=.~ such that if a €[1,0"]** and
B € (a,a] then A({usicstoe@ .ar p ) is small and A ({ug}se@ o), #) is uniformly
bounded away from zero.

The next lemma describes a subspace of C(K) isometric to C(w*) and a
norming subset of the dual. The measures {u. }.s.~ and the clopen sets {G. }. z.x
described below are the object of our construction in the next section.

LemMmA 1.4, Let A = {pa}asos CBew)y where K is a compact Hausdorff space
and A is considered in the w* topology. Suppose that there are constants a €R
and ¢ >0 and that for each a = w* there is a non-empty clopen subset of K, G.,
such that

a) G.SGsif BE[L, 0 ]*” for somer=k and B~ <a <B,

b) G. NG, =T if a,a’ E[1, w*]*” for some s, a # a’,

) |ia [(U G,) < & where fora € [1, w*]* the union is overall y € (a~, @),

d) [p(Gr)—al<e Va=ow

e) [pa |(Gur — Go)< e Va = o
Then Y = [16_)as. is a subspace of C(K) which is isometric to C(w*) and for all
y €Y, sup{l{pa, y):a sw*}z (al-4e)ly]l

Consequently if |a|>4¢, Y is normed by {it,}as.x

Proor. Define an operator T:Y—>C(w*) by Tlg =14 o for
a €[1,w*]*" s =0,1,- -, k, and extend linearly. It is easy to verify using a) and
b) that T is an isometry onto C(w").

Now suppose y =2 ¢ lg, and that [|y[=|y(t)|=[2ic;c 16, ]l = [Zicsci]
where J = {i|t € G,.}. There is a unique index [ € J such that G,, CG,, for all
i €J. Then by e) and the triangle inequality we have

J())?I'Lm)';’(y : lGa‘,#’a/M_'(y * IG;,,/""’H)'

z|y- loa;ucwﬂa,H—I()’ “Tug, pa) [ =€ |y |l

where the union is over all y such that G, & G.,,;

Ky lug, e = €]yl
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by ¢) and

5,

ielJ

|<)’ 'l(fl'a.,*UG-,)’Mml>|g |,‘L“l(G°l - UGv)|§”Y“(|a’_2€)

by d) and c). Thus

[y, e [ Z [y (@] = 42).

Our last lemma is a major tool in our construction. Recall that when we write
A ={a.}as.> the correspondence a, <> a is a homeomorphism.

LEMMA 1.5. Let (A.)n-1 be a sequence of disjoint w*-closed subsets of Bcxy,
K a compact Hausdorff space, and let u be a probability measure on K such that
Uz, A, CL\(). Further assume that A, = {{na}as.t™ for some ordinal B(n)
and that there are constants a > ¢ =0 such that

A ( CJ A,.,,u)= a,
n=1

A(nwroYies, ) Z @ — &

Then for every 8 >0 there exist an infinite subset M of N, disjoint open subsets
(Go)nem of K, and subsets {Viatazob® C{lnalasorm for each n € M such that
AU em{Vnaios: @ = 0P}, ) = € + 8. Moreover if K is 0-dimensional, the sets
(G.)nem may be chosen to be clopen.

Proor. By Lemma 1.3 there exist an infinite subset L of N and disjoint
open subsets (G,).er of K such that |p..e0|(G,)>a—§&—-86/4 and
[ tnwse| (U ixn Gi) < 8/4 for all n € L. For each n € L, A, is homeomorphic to
[1, w*™]. Hence any w* closed neighborhood of w..s= in A, is again homeo-
morphic to [1, w?™)]. For each n € L choose a function f, € Bek, such that
faice =0 and

[(nwr, fu) = | nwe] (Ga)| < 8/4.

Let Bn = {/»Ln.a . ;(/-Ln,m fn) - (M’n.ws(")’ fn>| = 6/4}
We claim that there is an l, such that if M =L N{l = lo}

36
A ( U {#reice: tna € B.}, “) =¢ +~4_.
meM -

If not, by Lemma 1.1 we can find a sequence of measures (pna,)rer With
Hna, € B, such that
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36
A{(Unancs ner, B)> €+ 7 .

Moreover, since .., € B,, we have that

| e, [(Ga) > lin [ s (G.) = 8/4Z @ = € = §/2.
Thus since 1 (G.)—0,
A(Bns Jners ) > (@ — £ = 8/2) + (£ +38/4) = a + 8/4,

an impossibility. Consequently with M as above and {v,a}.=.2m = B, for each
n € M, we have satisfied the requirements of the lemma.

If K is 0-dimensional by Remark 1 following Lemma 1.3 we can choose the
sets (G, )nem to be clopen.

2. Proof of the theorem on C(w*)

Before proceeding to the proof of Theorem 0.2 we will make a few
observations and outline the argument.

First note that in view of Rosenthal’s result [10] we may assume that T*Bx. is
separable and consequently that there is a probability measure g such that for
all v € T*Bx-, v<pu. Second we will assume that || T*||=1. Indeed, there
is no loss of generality since 7(e, By, T*Bx-)Zw if and only if
n(e || T*|™, Bew), | T*|'T*Bx+) Z w. Finally we will assume that K = A, the
Cantor set. This assumption will allow us to use clopen sets and thus avoid some
minor technical difficulties in constructing the subspace Y. We describe the
modifications necessary to handle arbitrary compact metric spaces K in the
remark at the end of this section.

We divide the proof into two parts. In the first we prove a finite index version
of Theorem 0.2 and in the second we show how to combine copies of C(w") to
get the required copy of Co(w ™). In each case we use the condition on the index
to produce a subset K of T*Bx-, homeomorphic to [1, w"] in the first case and
[1,@*] in the second, so that each sequence in K is not uniformly absolutely
continuous with respect to u. Then we construct a subspace Y of C(A) such that
Y is normed by K. In the finite index case we will actually find a subset K’ of K
with K’ homeomorphic to [1, “®™] so that the evaluation map from Y into
C(K") is an isomorphism onto C(K’) and k(n)—» as n — «. In the infinite
index case we will again get a subset K’ of K but K’ will be homeomorphic

[1, @] and the evaluation map from Y into C(K') will be an isomorphism onto
Co(K").
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ProrosiTioN 2.1. For every £ >0 and integer k there is an n = n(e, k) such
that if T:C(A)— X, where X is an arbitrary Banach space, | T||=1, and
N (g, Beay, T*Bx:) Z n, then there is a subspace Y. of C(A) such that Y. is
isometric to C(0*), Ty, is an isomorphism and ||(T\y,)™"|| depends only on «.

Proor. We will see how to choose n(e, k) later. We have that P,(g)=
P.(g,Bcwy, T*Bx:) #J. Let v,» € P,(¢) and choose a sequence (v, )i~ C
P._.(¢) such that = v,~ and there is a sequence (f,~-1)i-:1C Bcw,
furm-u LO, with ﬁ,%mn»x,, fo-uyzZ e. For each [ choose a sequence
(Vur 1=+ wm2m =1 C Paa(g) such  that v r-1g-1een—2m SN v.~-y and there
is a sequence  (for--niwim)a=1CBcay  forlt-nren-im —0,  with
l_i?n*,,._.,(vww(,-l)mﬂm,f,,,n*l(;_l)ﬂ,n—z,,.)i g. Using the metrizability of the w*
topology we may assume that for any sequence (V.r-yiun-2ma))io1
Vw"—le"*zm(;)‘w—") Vn.

By repeating this process n times we get a subset {v, }as." of T*Bx. such that
if a €[1,0"]”, v, €P,(¢), and, for any integers [(1),[(2),---,I(r), and B =
0" ' I(D+ " Q)+ -+ " "I(r) there is a sequence (fprum—-1)i-1 CBewy,
forur—r-i—> 0 such that Tim(ve,mr-tp, forwnru) Z €.

Our set (v ).=o~ is not entirely satisfactory because we do not know that for
any sequence (v.,);-, there is a sequence of functions (g, );-1, such that g 50
and lim, (v., g) Z &.

Observe that if (g, );-. CC(A) and g, =0 then g, — 0 in measure p. For us it is
enough to have our set {v,}.<.~ satisfy the following property:

If (v.,)r=1 is a sequence of distinct elements such that v, SN Voo
1) then there is a sequence (g,)7-; C Bcw, such that g, — 0 in measure
p# and lim,_.{v.,8g ) Z ¢.

To accomplish this we note that convergence in measure g is a metric
convergence. Let d(,) be a metric on C(A) for the topology of convergence in
measure p (we may assume without loss of generality that u (G) >0 for all open
sets G of A). Now by passing to a subsequence of (v,»-1,);-1 we may assume that
d(f,»,0)< 1/2" and (w1, fr-u) Z £ — 1/2' for I = 1,2, - - -. Similarly for each [
we can assume by passing to a subsequence Of (Vori+wr2m)m-1 that
d(for-1iswm-2m 0)< 1/2"*™ and

1

(Vo114 0" 2m, fw""’*“’"vz'"> ~E&- F ’
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Thus for every sequence (Vum4+wm2ma))ie1,

lim <Vm""1+w"“2m(1), fw"“1+w"‘2m(1)> =

{—w

and f,~y,.m2.y— 0 in measure u.

Consequently by refining {v.}as.~ in the manner described above we can
assume that (1) is satisfied. This in turn tells us that for any sequence of distinct
elements (vq,)7-1, A ((va,)7-1, 1) Z €. Indeed, if we have a sequence (v, );-: and a
sequence (g, )~ C Bcw, such that g, 50 and lim,~.(v., g )= ¢, then for every
p >0 we can find a subset K, of A such that g, — 0 uniformly on K, and
w(A—K,)<p. Then {v.,g) =gl ve || + 7. [(A— K,) and thus we can find
an r such that |», [(A—K,)Z ¢ —p. Hence A((va,)r-1, n)Z &

Let M = {¢.}.=.’ be a subset of Bcuy. Then for each

@) BE[Lw ], s=12,--r

let

M(s,B)={¢.|B" <a <B}
(recalt that 8~ was defined prior to Lemma 1.4). Note that for each s
U{M(s,B):BE[L, 0 ]} =M - M®
and if we fix B €[1, w"]*®

M(s,B)= U{M(s—1,y):y €(B7,B]*“ I U{e, |y €(B, B ")

The main difficulty in our proof is to construct a subset M of {v,}asun
M ={¢.}asw* (ie., r =k + 1 above) and a number a = 3¢/4 such that

®) [A((M(s, B, )~ al<{

for all 5,8 such that 0=t<s=k+1 and BE[l,0*""]*”, where (=
€ -27%7'/240. Let us assume that we have found M and a. We will show that
there are clopen sets {G. }.=.* satisfying the hypotheses of Lemma 1.4 with £/16
replacing e.

Before we begin the construction of Y, and the set {G,}.<.* let us make a few
observations. First although M is homeomorphic to [1, w**'] the conditions on
M will only allow us to build Co(w**"). Consequently we will pass to a subspace
Y, isometric to C(w*). Second let us examine the relationship between the
conditions of Lemma 1.4 and the conditions we have imposed on M. To simplify
matters we will assume p, =0 for all @ = w* in Lemma 1.4,
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Conditions d) and e) of Lemma 1.4 imply that |u.(G.<)— a|<2e for each
a = w* and hence that for any sequence (fa,)n-1, A((K anjcidn=1, 1)< a + 2e.
Also we have that for any s tuple of integers (I(1),!(2),---,I(s)) and B =
o Q)+ + 0 U(s), Rpror-1 (Garwk-,) >a ~ € forr=1,2,-- - by d) and
the sets (Gg.ox—-1, )r-1 are disjoint by b). Thus A ((He+w =1, Jr-1, ) = a — £. Now
consider (¢g+ok-s-1,)r=1 = [M(k, 0*)]** ™. Our assumption on M yields

IA(Dprur=r ), m)—al <L
Also since
M — {1} = M(k + kan): O [M(k +1, wk)]d(.)
=0

we have that

AM )= (U M+ 1,0" 01, 1)

= max M(M(k + 1,0 p) = a+ L

Consequently for any sequence (¢a,)n-1, A((Pa, )o=r,u)=a + L.
Our more restrictive condition,

IA(M (s, B, n)—al<{

is made necessary by our ‘“‘level by level”” construction of the sets {G,}.=.* By
this we mean that we will first find G, and p.~ then we find a sequence of
disjoint clopen subsets (G.«<-1)7-, of G« and measures (u.*-um)in-1. For each
1(1) we find a sequence of disjoint clopen subsets (G . -1g@)-1pro=-2))i@=1 Of
G, -1y and measures (i ,x—'aa)-n+w*-2@)iey-1 and so forth. In this way the
functions {15,_}.=.* behave exactly as the family of functions ¥ that we defined
prior to Lemma 1.4 (with n = k in this case) and the measures {g. }.s.x behave
like the point masses {8, }.<.*. We will now construct these measures and sets.
Let A, ={¢. |0 (I -1)<a =0}, 1=1,2,-- and ¢ = 2¢, then

A ( H A,,,L) Y ( Q) [M(k +1,wk+')]d('),p,)

Z=a+¢ and A({(du)i-1,p)

AIM(k +1, 0 ), p)>a - ¢

Thus by Lemma 1.5 with 8 = { we get an infinite subset L C N, disjoint clopen
sets (G.x hier and subsets {§, |0*(I -~ 1)< a = w*l} of A, | € L, such that
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4) /\(H_ {tlla|cg,.l:a)"(l-l)<agwkl},p.><{.

If we examine the proof of Lemma 1.5 we see that the subset {¢,: 0* (I — 1)<
a = o*l} is in fact a neighborhood of ¢.«. Thus we may assume that it
is of the form {¢.:0*(I-1)+0*'r<a=ow*l} for some integer r. If
BE[w* -1+ * 'ro*l)* for s<k, M(s5,B)C{d.: 0" '(I-1)+0*'r<
a = w*l}. Consequently this neighborhood has the same properties as the set A,.
So we may assume without loss of generality that the subset {¢,: 0* (I - 1)< a <
w*l} is in fact A, itself.

By passing to an infinite subset L’ of L we can assume that

© burow) (U Gun) <4s

Va € (0*(j — 1), w*j] and j € L, and consequently we can assume that this is the
case for L itself. (Recall the observation we made following the definition
of A(,).) Also since A(Ur.,A,p)=<a+{ we can assume for all a €
(w*(I = 1), w*] that

(6) |¢ [(Guw)<a+2¢ forall IEL.

Fix | € L and find disjoint clopen subsets of G,x, say, G .« and G .« (which
are almost the positive and negative sets for ¢.x ), such that

[t | Gon— é4(Giv)<¢ and
@)
G (Gox) + | b | Gou<

This splitting of G, fixes the sign of the functions we will take to span C(w*).
For the rest of the argument we will assume that G .« = G,~ rather than carry
out the construction on both G« and G .. (Also, we will not use any of the sets
G.x, s# 1, s €L, in the remainder of the argument.)

Our next step is to find a sequence of disjoint clopen subsets (Gukq-1)+w 1)i=1
of G, which will form the second level of sets in our construction.

Choose m such that

®) ot = B ura-neur-tm, lowd| <&
for all [(1)= m. Note that

(& u*a-rurim)iy=1 = [M(k, wkl)]d(k-]),
so that by (3) and (4)
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A (d’w“(1—1)+w""1(1)|G,.,k,)1(1)gm, w)>a—4L

Thus using Lemma 1.3 we can find an infinite set L(1) CN and disjoint clopen
subsets of Gw"l, say, (Gw"(l—l)-;w"'11(1))1(1)51_(1) such that

© [ or it 1] (G oka-nrurti) > @ = 5¢
and
[ ok a-nrw 10 (U G oxa-nrar 1) <
where the union is over all r € L(1)— {{(1)}. Hence by (6) and (9)
(10) | dura-ror 1| (Gori = Gurg-nyeat ) <74
and
@ o -t (O wka-1rw i)
(1) Z ¢ a-yro* 1 Guki) — | ¢w"(1-1>+m“*‘l(n](Gw"l = Gutu-nro*1m)
Z ¢4 (Gu)— ¢ —TL >a —15¢,
by (8), (10), and (7) (we can assume | d.« [(G.x) > a — 5 by (3) and (4)). Also by

passing to an infinite subset of L (1) we may assume that

'¢w"l| U Goruprarin < {

I(EL(1)

Our second level of sets and measures is now complete.
For each I(1)€ L(1) choose m = m(I(1)) such that

(12) [{uta-1yra 1) = D ukt-prattaay-rwk-2@n 1kauvn+...k*'m))] <{
for all I(2)= m. As before
(13) A((Dura-vro vt T@i@am L) > a =
since
(@ w*a-pro tam-nrer)ie=1 = [M(k =1, 0 (I = 1)+ 0* T I(1)]**7.
So
A(@ w - 1yr @ 101~ 1yr 0k @Gk - tyeuk~ i) i@z ms 1)
Za-{—A ((d’w“(H)ﬂ»"“(1(1)—1)+w*‘21<2»6:k(.-,mkﬂ,(,,)uz);m, ©)

za—-{-15{-6{=a—-22
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because
@ wrg-nrat - nres te Guta-nrek i) > @ ~ 150 = ¢,
by (11) and (12),
[ o -Drut =10 nro* -2 [ (Gun ) < @ + 2¢,
by (6), and by (4)

A(D wxi-nrar-1eay-nror-a@ics ia=1, 1) < 34

Again by using Lemma 1.3 we can find an infinite subset L (I(1)) of N and clopen
subsets (Gu."(l—1)+w“"(l(|)~|)+w"’21(2))1(2)e1_(1(1)) of Guxu-1y+w*1qy such that

(14) ,’d’w“(l—l)mk' -1yt 22| (Gorg-1yra uy-nra*2m) > a = 23¢
and
(15) ]¢w“u—x>+w"*'(l(l)—l)+m"‘zuz)l( U Gw"(l—l)+w""(l(l)—l)+w"‘zr) <!

where the union is over all r € L{I(1))— {{(2)}.
We may also assume (by discarding a finite subset of L(I(1))) that

l(bw“u—nm"”lu)l U Guta-nee*am-nret-2 < £
1yeL |y

Hence by (14)

,d)w"(l‘l)+w"*‘(l(1)—|)+w"‘21(2)l(Gw“l - Gw"(l—l)+w“"(l(l)—l)+w"_"(2)) < 25{

since
| @ost-nrut 1wt [ (Gun) < a + 2¢,
by (6), and
Dut-nrw* - e ot 2 Gurt-trw* 1a)- sk 212)
Z Gua-nrarta-mrer 2  Gura-nsat-1m)
- !d’w“(l—|)+mk‘1(1(1)—|)+w"*21(2),(Gm“(IAmw“"l(l) - Gm“(l—l)+m““'(l(l)—l)+w"”l(2))
Z duri-tratio G ot g-nrat-i) = § =230 = 2¢
=ag-15({—-26{ =a—41¢

Here we have used (12), (14), (6), and (11).
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Continuing in this fashion we obtain a subset {i, }aso* Of {Pa: 0 (I - 1)< a =
w“I} and clopen subsets (H,).s. of G.~ such that for any s-tuple of integers
(D, 12), -+, 1(s), s=k:

a') H 5 -10)s 05212y ok =ics)
G H 5 10yrwk 2@+ 10)
S H, =G,y 1=r<s;
b") Ho* i)+ 0 2@y - + 0 i)
N H 5 'mys o Im @y r ok misy = &
if (m(1),m(2),- -+, m(s)) is different from (I(1),1(2),-- -, I(s));

, =
C) l/.Lw““1(1)+w“‘21(2),-~,¢.,"*’1(s)l U H,..““‘1(1)+¢.,"‘21(2)+<-~+w""1(s)+w“‘=“y
r=1

< ¢ =g27%7240;
d) | Bk taprak 2ok i (H o iy ok 2@y ok i) — @ ’
<@ -DISC+H10¢ =2 - 1274716,
e') | i a2y kst (H o= H acongyeak-21@ys - vok-sics))
<@ -DI5¢+10¢ = (2° = 1)e27%7'/16 + 10 27%7/240.

Hence the hypotheses of Lemma 1.4 are satisfied for a and £/16.
If we had not assumed G.«= G.« then for the measures

Po = ¢a " (loz,— lazx), w*(l-1<a =l
we could complete the argument as above. Clearly the space
Z={y (lox—lox)iy €Y}
would be isometric to C(»"*) and normed by {¢.: 0*(I - 1)< a = w*I}.

RemARk. From Lemma 1.4 we get the estimate | T\y|| < 1/(a — e/4) = 2/e. It
is easy to see that by sharpening our estimates that for any ¢’ < ¢ we can find a
subspace Y such that | Tiv||= 1/¢".

It remains to show that we can find the set M satisfying (3).

Let F ={v.}a=.~ and for each i,j, B, 0=i <j =n, B €[1, ®"]*? consider the
numbers

AMFEG, B, 1)
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where F(j, 8) is defined analogously to M (j, B), i.e., asin 2), F(j, B) ={r.|B~ <
a < B}. Our construction of M is in three steps:
(i) Find numbers a; such that

IAFG, B O, m)~ai|[<¢/8 VBE[Lw"]"?,

0=i<j=n by passing to a subset of F of the same homeomorphic type.
(ii) Use Ramsey’s Theorem on (a;) to find indices i(Q) < i(l)<---<i(k +1)
with aiiey = C.
(iii) Find a subset M of F homeomorphic to [1,

IA(M(s, B)*“ )= c| <.

Step 1) We use the following lemma:

k+1

] such that

Lemma 2.2. For every nand 8 >0 if F = {v,}as.n 0=|v||=1, Vv EF, and
C1,€2, 7", ¢, is a 8-net in [0,1] there is a subset D of F and indices r(j,i) €
{1,2,- -, r} such that

1) D is homeomorphic to [1,w"],

2) IA(D(, B )= cyn <8 forall i,j,B, 0=i<j=nand B E[l,0"]*?.

Proor. We use induction on a. If n =1, F is a sequence (v )x-, and its limit
v, and there is only A (F(1, w)*®, u) to consider. Since {ci, ¢5, - -, ¢, } isa §-net in
[0,1] there is an integer r(1,0)€{1,2,---,r} such that |A(F(l,0)*® n)-
Cam| < 8. Thus D = F satisfies 1) and 2) with r(1,0).

Now suppose the lemma is true for n — 1 and F is homeomorphic to [1, »"].
Then the set E; = {v,: 0" '(I — 1)< @ = 0" "'I} is homeomorphic to [1, "], for
each L Since the lemma is valid for n — 1, for each [ we can find a set of indices
{r(,i,1):0=i<j=n-—1} and a subset D; of E; homeomorphic to [1,0"']
such that

‘ A (DG, B)d(i)’ w)- cr(],i,l), <.

Since there are only finitely many pairs (j, i), 0=i <j=n —1 we can find an
infinite subset L of N such that

r(jyi,)=r(j,iim) forall ImeL,

0=i<j=n-1. Let D=U,, D, (which is clearly homeomorphic to [1, "]).
Then for all i,j, B such that 0=i<j=n-1and B €[1,w"]*?

D(j,B)=D,(,B) forsome IEL

and hence
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IAD (@, B)', )= Crgan < 8.
Alsoforeachi, i =0,1,---,n — 1thereis anindex r(n,i) €{1,2,- - -, r} such that
‘A(D(n9 w")d(l)’ l“')‘— cr(n,i), <é.

Thus letting r(j,i) = r(j,i,l), /€L, 0=<i <j =n—1 we have proved the lemma
for n.

To complete Step i) we apply Lemma 2.2 to F with {c,, ¢, - -, ¢,} an {/8-net in
[0,1) such thatfor ! =2,3,- -, r,¢c; —¢i-i = {/8and let a; = ¢, 0Si<j=n.

Step ii) By Ramsey’s Theorem [3], if n is sufficiently large there are indices
i0O)<i(l)<---<i(k+1) and m, 1=m =r such that

Gigrin=Cm forall st 0=t<s=k+1.
Step iii) In this step we must find the set M so that
IAM(s, B)* O, n)—cl<.

This would be easy if the indices i (0), i(1), - - -, i (k + 1) were consecutive. Indeed,
suppose i(k +1)=1 i(k)=1-1,---,i(0)=1-k -1, and consider M=
D(l, ') V. Then for each s, ¢,

M(s, B)*®=D(l —k —1+s5 0" 1 g)4*1

and consequently [A(M(s, B)*, n) — Gigyuy] < &
To handle the nonconsecutive case we use

Lemma 2.3. Let A CBew) and let u be a probability measure such that
A CLy(u). Suppose A =Ur A, U{v} and there exists a 8 >0 such that
[A(A)) = A(A.)| <& for all I, m. Further assume that if (a))7-1CA such that
a, €A, then lim,..a, =v. Then there is a sequence (v.).-1CA such that
v, = v and

A Ymr, )~ A(A, )] <38,

Proor. We divide the argument into two cases:
1Y) lim A (A, 1) > A(A, 1) —28.
Pt

For each [, A(A, ) > A(A, u)—38. By Lemma 1.1 for each [ there are a
sequence (v« )c- and disjoint closed sets (A )i-: such that

P_Ig v [ (A ) = A (A ).
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For each [ choose k() such that
[ vy [ (Aew) > A (A, )~ 38
and
p(Awa) <l
and let v, = v, ). Clearly lim,_.. v, = v and

/\(A,}.t)i)t((l’;)rﬂ,#)g /\(A,u)—38.
(I1) EA(A,,;L)éA(A,;L%R.

By Lemma 1.1 there is a sequence (v.)n-1CA such that A((v.)roi, )=
AA, ). Since A(A, )= A(A, pn)— 8 for all |, for every m there is an N such
that (v, )s-~nN (U7, A)) = @. Hence there is a subsequence of (v, ):., such that

,l(_i;fé Vair= v and  A((vaw))i-1, ) = A(A, 1),

and the proof of the lemma is complete.
We will show by induction on k that given indices i(0),i(1),---,i(k +1)
such that

[A(D(i(s), B)*“P, )~ c|<{/8
there is a subset M of D homeomorphic to [1,w"*'] such that
(16) [AM(s,B)',u)—cl<{
and
M(s, B)'“CD(i(s), y)'“” for some y€&[l,0"]*

for each B E[1,0*"']*, 0=t <s=k +1, (c =cn).
If k=0 and i(0)<i(1)-1 (i(0)=i(1)—1 is the consecutive case, which we
discussed earlier) consider D (i(1), w V)¢

D@D, @' MO = i(1)— =17 ydGO).
(i(1), ™) U DM ~1,0™7)

By Lemma 2.3 with A, = D(i(1)~ 1, 0'®"'1)*“ there is a convergent sequence
(v )r-1 in D(i(1), ") such that

(A ((n)ier, ) = A(D(E(1), 0 V)P, )| < 3L/4.
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Letting M = (v.).-, we have
M1, @), p)=c| <L
Suppose we have proved that such an M exists if k = p — 1 and we are given
i(0),i(1),- -+, i(p +1). Consider D(i(p + 1), '@ ") 1If i(p + 1)—1>i(p),

D(i(p +1), wi(p+l))d(i(l>)) -~ D D(i(p+1)-1, wl(pi—l)»ll)d(.‘(p))’
1=1

Applying Lemma 2.3 we can find a sequence (v, )n-i CD(i(p + 1), 0" V)@
such that [A(w)r-, p)—ci<{ and if D ={d,}ago lim,..v, = d,w+v. Since
v, € D(i(p + 1), 0" V)", for each n, v, = d,, for some a, € [, w'®* "],
In the simpler case when i(p)+ 1 = i(p + 1), we take d., = d,e+v-n, Now define

D.=D(i(p),a)=D(i(p),a,)U{d.}, n=1.2,--
The sets D, are disjoint and each is homeomorphic to [1, @'®)]. Note that
IA(Da(i(s), B u)—c| < /8,

0=<1<s=p Hence by induction we can find subsets M, of D, M,
homeomorphic to [1,w”] such that M% ={d, } and satisfying (16) (with
k +1=p).

Let M = U;_, M,. Clearly M is homeomorphic to [, w**"] and if 0=t <s =
p and B €[1, w4

[AM(s, ), )~ c|<{

If s=p+1 and BE[L, 0" ]"""", then B=w"" and M(p + 1, w”*")'® =
(d..)3-1. Thus [A(M(p +1,0""')"®, )= c | < ¢. Finally if 0= 1 < p,

UM+ 1L, B BE[L 0 " I CM(p + 1, 0”@
CD(i(p + 1), 0"y
and hence
c—¢{<AM@E+1,8)"u)
SAM(p +1, 0Py
SAD3GPE+1), wi(pﬂ))d(-‘(r»’ w)
<c+ /8.

The construction of M is complete.
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We now prove the main theorem. The argument is much the same as the first
part of the proof of the previous proposition.

Proor. Since 7 (g, Bcwy T*Bx-)Z 0, P.(¢)= P,(g, Bewy, T*Bx-) # . Let
v.- € P,(¢). For each n choose v, € P,(g) such that v,~ 2% » and such that
there is a sequence (f.~)n-1 C Bew, With d(f.», 0)<1/2" and (v~ f.») > & — 1/2"
(Recall d(,) is a metric for convergence in measure u.) Now we continue just as
in the proof of Proposition 2.1 to find a subset {v,},=,~ of T*Bx- such that if
v., = v, then there is a sequence (g, ) CBcw), g — 0 in measure g, such that
lim, . (va, g)Ze.

Let eo=sup{e | )n-1 DA (Ve )i-1, p) = € and v., € {v.}2.+} and note
that the supremum is attained. Let (u.-).-: be a sequence for which
A((pom)n=1, )= €0 and (by passing to a subsequence) we can assume that
if u.€ {va}:(;"w)w and pm € {VQ}Z:;L‘) then s, +n+1=s,,,. For each n
choose a subset {t, o 1ca<on C{V.,}f:;::l)—{l/a}f:ng)m“ such that mwn-l<a<w"=
{Bator-1casom Ifwe let A, = {a}um-1casen, @ = g0+ £/16, and & = £/8, then there
is an n, such that the hypotheses of Lemma 1.5 are satisfied for (A, );-.,. Indeed,
we need only verify that A (U5_,, A, 1) = &+ £/16 for some n,. If this were not
the case, we could find a sequence (u.,)»-: such that u., € A, for all n and
A((May )a=1,u) > €9+ €/16. But then u, €{v.}"2.,« for all n and hence
A((tan)n=1, 1) = €0

Thus letting 8 = £/16, we get an infinite set M CN, disjoint clopen sets
(Go)nem, and  subsets {p,}ocazer C{latom-1cazon, VN EM, such that
A(Unenm {paics: 0" ' <@ = 0"}, u)<3¢/16. Now choose an n, such that

| Paice (U G,)§£/4 forall o, 0" '<a=w", VneM
leM

izn;

We now consider a fixed n € M, n = n, and the measures {p,g, }u"'<azom
Note that for any sequence () -1, A((Payc.), )= g0—3e/16>3¢/4. Conse-
quently we are in the same situation as at (2) in the proof of Proposition 2.1 with
¢ replaced by 3¢/4. Thus by that argument if n is sufficiently large there is a

subspace Y. of C(A), Y, isometric to C(w"*) such that each y. € Y, is supported
in G, and

2
Iyl=Z sup |{pac,y) VyE€ Y.

w lcase

Choose n(1),n(2),--- according to the proof of Proposition 2.1 so that we
have Y. on G.«, as above and consider Y =[Y.]i-,. If y € Y,
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Iy = sup iy I=llywll for some ko,
where y = Z5-1 y, Y« € Yi. Therefore

2
HYH=IkaOIIé; SUp  [{Paig, Yio)| for n = n(ko).

w"T<asw"

Note that
|<Pa, }’)I = l ’<pa{G..7 yh)), - |<pa|Gf.a Y>‘ l
= |{paicy Y| = Z 1 11
Hence
2 1
{ = =
Iyi=g sap Kooty
or
4
Iy 1= supl{pes ).
Thus

[Tv]=4/e.

ReEMARK 1. We assumed in the proof that K = A, the Cantor set, so that we
could use clopen sets {G, }.s.« rather than open sets in the construction of Y. In
the general case we can find continuous functions {f. }.=.* supported in open sets
{Ga}aser which closely approximate {lg,}a.sw*, i.€., if p. is the measure
associated with the open set G,, we find an open set G., G.CG.CG,, with
1. (G.) close to p.(G.). Then we can take f, to be a continuous extension of
16,+0-16: To insure that we get an isometric copy of C(w*) we construct the
functions f, for B such that G, C G, so that the support of f, is contained in G..
This may entail discarding a few of the G;’s. Indeed we can find an open set
G.CG.CG. and let g, be an extension of 16;+0 1= Then if G is chosen
correctly [ g.d.., is nearly [ f.d.. and we can consider those B8 such that [ g.d,, is
close to [ g.d,..

ReMark 2. If we weaken the condition that Y be isometric to Co(w®) to
require only that it be isomorphic to Cy(w*) we can obtain this result by using
the fact that there is a quotient map from C(A) onto C(K) [4], and applying the
case K = A to the map TQ.



384 D. E. ALSPACH Israel J. Math.

CoroLLARY 2.4. If X is a complemented subspace of C[0, 1], which contains
C(w™) uniformly for all n, then C(w*) is isomorphic to a complemented subspace
of X.

Proor. 7 (1, Bewn, Bewn:) = n for each n. Thus by Proposition 0.1 there is an
e >0 such that P.(¢, Bx, Bx-) # & for all n and hence

n (E, Bx, th) = w.

If P is the projection, % (¢, Bejo,y, P*Bx+) 2 w. By Theorem 0.2 X contains a
subspace isomorphic to C(w“) and thus a complemented subspace isomorphic to
C(w*) by the result of [9].
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