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QUOTIENTS OF C[0,1] WITH 
SEPARABLE DUAL 

BY 

DALE E. ALSPACH * 

ABSTRACT 

A necessary and sufficient condition for an operator from C(K), K compact 
metric, into a Banach space X to be an isomorphism on a subspace of C(K) 
isometric to C,,(~o ~) is given. 

O. Introduction 

In the pape r s  of Pelczynski  [7] and  Rosen tha l  [10] o p e r a t o r s  f rom C(K), K 
compac t  metr ic ,  into a Banach space  X were  cons idered .  Pelczynski  showed  that  

a non-weak ly  compac t  o p e r a t o r  with doma in  C(K) is an i somorph i sm on a 

subspace  Y of C(K) with Y i somet r ic  to c,,. In his p a p e r  Rosen tha l  p r o v e d  that  

if K is a compac t  metr ic  space  and T*Bx. is n o n - s e p a r a b l e  then there  is a 

subspace  Y of C(K) with Y i somet r ic  to C[0,  1] such that  T res t r ic ted  to Y is an 

i somorph i sm.  Both  of these  resul ts  use a condi t ion  on T*Bx. to p roduc e  the 

r equ i red  subspace  Y. In this p a p e r  we give a condi t ion  on T*Bx. which ensures  

that  there  is a subspace  Y of C(K), Y i sometr ic  to C,,(~o~), with T an 

i somorph i sm on Y. 

To  s tate  our  resul t  we need  to recal l  the  def ini t ion of index as i n t roduc e d  by 

Szlenk [12]. Let  A be a b o u n d e d  subset  of a s epa rab l e  Banach  space X and B a 

b o u n d e d  subset  of X* .  F o r  any e > 0  let Po(e,A,B) = B and  having def ined  

P.(e,A,B) for any ord ina l  a we let P~.~(e,A,B)= {b!there are  a s equence  
w* w )  

(b.)~=,CP~(e,A,B)andasequence(a.)'2=,CA suchthatb.----~b,a. O , a n d  

l im. (b.,a.)>-_ e}. I f /3  is a limit ord ina l ,  we let Po(e,A,B)= A~<~Po(e,A,B). 
Final ly  we def ine the  e - i ndex  as 
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~ ( e , A , B ) =  sup{a < ~ol!P~(e,A,B)~ 0}. 

Under  the additional assumptions that X* be separable and B be w *-closed 

Szlenk shows that the sets P~(e ,A,B)  are w*-closed and ~ ( e , A , B ) < w l  for 

each e > O. We do not wish to restrict to the case of X*  separable since for us X 

m a y b e  C[O, 1]. Actually, if B is separable, and B =/~w. the argument  of Szlenk 

still shows that Tl(e,A,B)<w~. Indeed, if we alter the definition of the sets 

P~(e,A,B)  so that rather than requiring the sequence (a,)~=~ to converge 

weakly to zero that it converge to zero with respect to B, i.e., (b, a,)--* 0 for alI 

b ~ B and we let O~(e,A,B)  be the corresponding sets, then for each a < wl, 

Q~(e ,A ,B)DP~(e ,A ,B) .  The sets Oo(e ,A,B)  are w*-closed, and the argu- 

ment  of Szlenk shows that sup{a :O~(e ,A ,B)#O}<w~.  Consequently 

~(e ,A ,B)<w~.  

Another  property of the sets P~, (e, A, B)  which Szlenk states is the following 

PROPOSITXON 0.1. If X and Y are separable Banach spaces and T is an 

isomorphism from X into Y, then P , ( e , A , B ) =  T*(P,(e, TA, T*-IB)) for every 

a < wj and e >0. 

PRoov. Clearly Po(e, A, B )=  T*(Po(e, TA, T*-'B )). Inductively assume that 

for all /3 < a, P~(e,A, B) = T*(P~(e, TA, T*-IB)). For limit ordinals a it is 

obvious that this implies that P~ (e, A, B) = T*(P~ (e, TA, T*-'B)). 

If a =/3  + 1 for some /3 and b E P~§ then there exist a sequence 

(b.)~=, CP~(e ,A.B)  and a sequence (a,)~=, C A  such that b, ~' ,  b, a,  -~0 ,  and 

lira, (b,, a, ) => e. By passing to a subsequence if necessary we can find a sequence 

(c,)~=, CP~(e, TA, T*- 'B) such that T*c, = b. for each n and (c,)~=, converges 

to an element c of T* ~B w'. Thus lim, (c,, Ta.) = lim, (b,, a , )  => e and therefore 

c ~ P~+,(e, TA. T* 'B) and T*c -- w* l im,  b, = b. 

Conversely, if c ~P~+~(e, TA, T*- 'B) there exist a sequence (c,)~=,C 
w ~ w 

Po(e, TA, T*-IB) and a sequence (d.)~=~ CTA such that c,-----* c, d , - -*0,  and 

li-m, (c,,d,)_-> e. Since T is an isomorphism, T-'d, ~ 0 .  Clearly 

lira, (T*c,, T ' d . ) =  lira, (c,,d,)>= e and thus T*c E P~+,(e,A,B). 

We can now state our result on C ( w ' ) .  

THEOREM 0.2. Let K be a compact metric space and let T be a bounded linear 

operator from C(K) into a Banach space X. If there is an e > 0 such that 

77 (e, Bc~), T'B• >- oJ 

then there is a subspace Y of C(K) such that Y is isometric to Co(o~ ~) and T / Y  is 
an isomorphism. 
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The condition Tl(e, Bcoo, T*B• for some e > 0  is also a necessary 

condition since T(C(K))  is separable. This is a consequence of Proposition 0.1 

and 

LEMMA 0.3. If [3 < OS~, then for all a < to~, P~ (1, Bcta~, Bct~).) = 

co{-+ tS~ :Y E [1, [3]t~} where 6~ is the point mass measure at Y and [1, [3]t") is the 

ath derived set of [1, [3]. 

PROOF. Clearly the set P~(1, Bc(~),Bc(~r) is convex for each a < to1 and 

Po(1, Bct~), Bct~r) = co{ +_ 6~ : 7 E [1, [3]}. Suppose the lemma is true for all 

p < a. If a is a limit ordinal, the induction step is trivial. If a = p + 1 for some p 

and 3' E [1,/3] tp§ there is a sequence (3',)7=1C[1, [3] tp~ with 3', 1' 3'- Since 
w *  w 

6~.----~ ~.  1(~. ,+L~.~--->0, and 

lira (r lb. ,+,.~.j) = 1, 6~ E Pp+~(1, Bcr Bcr 
n 

On the other hand, if ~ E Po+~(1, Bcr Bcr we can assume that 

/ z = ~ a , 6 , ,  where Er.,I__<I and (3',)7=,Q[1,[31 '~ 
i = l  i = l  

by induction. There exist a sequence (/z,)7_, CPo(1, Bct~,Bct~r) = 
- -  w *  w 

co{ +- 6~ : 3' ~ [1, [3 ]~o~} and a sequence (f.) C B c ~  such that/~.  ~ p., f.  ~ 0, and 

lim. (/z., f . )  = 1. If for some i, 7, ~ [1,/3] ~~ then since 3', is an isolated point of 

[1,[3] ~"~, /z.({3'~})~t~({%}). But then because ] ' . -~0,  L(3',)--->0 and hence 

lim. (p..,f.) -- 1 -1a ,  I< 1. 

One might conjecture that the theorem may be generalized as follows: 

There is a function 4': [0, oJ~)---~ [1, oJ~) such that if K is a compact metric space 

and T is a bounded linear operator from C(K)  into a Banach space X such that 

for some e > 0  

rl(e, Bcr T* Bx.) >= c~(a ) 

then there is a subspace Y of C(K)  isometric to Co(~o ~~ such that T v is an 

isomorphism. 

(We consider only the spaces C0(~o~~ a < r since by [2] these form a 

complete set of representatives for the isomorphism classes of C(K)  spaces for K 

countable.) 

A reformulation of the earlier mentioned result of Pelczynski shows that 

&(0) = 1 is the correct choice (See Remark 2 following Lemma 1.3). Thus an 

obvious candidate for ~ ( a )  is to" for each a < ~Ol. However, in [1] we show that 

there is an operator T: Co(~O '~) .... ) Co(o "~) such that 
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r/(�89 B co,-" ~7, T*B co~Yr) > 

but there is no subspace Y of C0(~o ~'*) such that Y is isomorphic to Co(cO '~) and 

Tjy is an isomorphism. 

We use standard Banach space notation as may be found in [6]. All operators 

between Banach spaces will be bounded and linear. If K is a compact metric 

space we will identify C(K)* with the space of all finite signed Borel measures 

on K. All subsets of such K considered will be Borel measurable. 

Besides the notation K ~ for the a th derived set of a topological space K 

which we used above, it will be convenient to have several specialized notations. 

K '~1- K '~§176 will be abbreviated to K dt~. If a subset A of K is written 

A = {a~ }~A for some set of ordinals A, we mean that the correspondence a~ ~ a 

is a homeomorphism where A is given the order topology. I f /3  is an ordinal, 

C(fl)  (resp. Co(/3)) denotes the space of real or complex valued continuous 

functions on the ordinals not greater than/3 (resp., and vanishing at/3). We will 

give proofs only for the real case but they may be easily adapted to the complex 

case. The reader may wish to consult [11] for information about ordinals and 

their arithmetic. 

Finally we will have occasion to use the convention that if M is an infinite set 

of positive integers lim~ an means l imk~ a~ where k ~ nk is a strictly increasing 

map of N onto M. 

1. Some technical lemmas 

We begin with a few technical lemmas which we will use in section 2. 

For the first lemma we need to define a quantitative measure of the 

non-uniform absolute continuity of a set of measures. 

Let F C Bct~)., K a compact Hausdorff space, and let /z be a probability 

measure on K such that for all v E F, u ,~/~ (i.e., F CL~(#)). Define h. (F,/~) = 

sup{elV~5>O, 3 v E F  and A C K  such that Ivl(A)>=e and / z ( A ) <  6}. 

Observe that if A (F,/z) = p and B, is a decreasing sequence of subsets of K 

such that A~=~ B, = O then for every 7 > P there is an N such that I v I(BN) _--< 3' 

for all v E F .  

LEMMA 1.1. Let FCBc,~:r, F J O ,  and Ix a probability measure on K such 

that F CLI(/z). Then there exist a sequence (vn)7=~ C F  and a sequence of disjoint 

closed sets (An)~=~, A ,  C K  for each n, such that 

(P~;AZ)~-I is u.a.c, tz 

(uniformly absolutely continuous with respect to I.t ) 
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and 

I ,,. I (A.)  = A(F. 

The proof of this lemma is contained in the proof of theorem 6 of [5], but we 

will include a proof for completeness. 

PROOF. If h (F, I~) = 0, the result is obvious, so assume that h (F, ~ )  = 6 > 0. 

We will choose the measures (v,)~=t by induction. 

Let u ~ E F  such that there is a subset B~ of K with ]vl I (B~)>36/4 and 

/x(B1)<6/4.  Next choose v2~F such that there is a subset B2 of K with 

lu21(B2)>76/8, p.(e2)< 6/8, and lUll(B2)< 6/8. 

Suppose we have chosen (u,)~21 and (B~)~--_~, choose vk E F such that there is a 

subset ek of K with [vk l (Bk)>6(1- -1 /2 ' ) ,  g ( B k ) < 6 / 2  k*~, and [u~I(Bk)< 

8/2 k*', 1 _--< i =< k - 1. This is possible since the finite set (v~)~-SI is u .a .c .g .  

For each k let B;, = Bk - t..JT=k+l B~ and choose a closed set A~ CB~ such that 

l Uk I (B~-  A k ) <  6/2 k. We have that 

Iv~l(a~)>lvkl(B'~)-6/2k>-Iv~l(B~)-~>6 1 -  . 

Also since the sets (Bl,)~_t are disjoint, the sets (Ak)~=, are disjoint. 

If 3, ((v,~a~.)~= 1,/~ ) = e > 0, for every k ~ N we could find a subset Dk of K and 

an integer n, such that t VklA~I(Dk)>e/2 and ~ ( DE) <  1/2 k. But then 

Iv.. I IA., u D , ) >  6(1 - 2 - " : 2 )  + e/2. 

Since /z (A., t,J D~)---,0, h((v, , )~=, , /z)_ > - 8 + e/2, a contradiction. 

The next lemma shows us that we can replace the closed sets in Lemma 1.1 by 

open sets by making a small sacrifice. This lemma is due to A. Pelczynski (lemma 

1 of [8]) in a slightly different form. 

LEMMA 1.2. Let (/x.)~=~ CBc~K)., K a compact Hausdorff space. Suppose 

(F.)~=I is a sequence of disjoint closed subsets of K such that 1 tx. I (F.) = I tz. I (K). 
Then for every e > 0  there exist a subsequence (tx.~)~=l of (/x.)~=~ and disjoint 

open sets GE such that 

a) I/z.~ 1 (Gk) > [[/x.~ [[- e Vk, 

b) 
I .,I U G <e Vl. 

k # l  

PROOF. We choose the measures and open sets inductively. 
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Let (1~)7=~ be an increasing sequence of positive integers such that ET=~ 17'< e 

and consider F~, Fz , . - ' ,  F~,. Since K is a compact Hausdortt space we can find 

disjoint open sets G ( 1 , 1 ) , G ( 1 , 2 ) , . . . , G ( 1 ,  L) such that G( 1 , j ) D  F~, for j = 

1,2,. . . ,1~. For some n~ there is an infinite set N I C N - { 1 , 2 , . . . , l ~ }  such that 

t /z, /(G(1, n~))_- < 1/1~ for every n E N~. Indeed, if no such n~ exists then we could 

find an n such that I/Z,I(G(1,j))>I/I,  for j = I , 2 , ' - ' , L .  But then [I/z,[[= > 

E~'--~ I/Z- t (G (1, j)) > 1, a contradiction. 

Thus we have n~ and we can choose an open set G~CG(1, n 0 with 

t~  CG(1,  n~) and I/z,,l(G~)> I/Z,,I(G(1, nO) -  1~'. 

Next let F(1, n ) = F ~ - G ( 1 ,  n~) for each n E N ,  and let n(1,1), 

n(1, 2 ) , . . . ,  n(1,/z) be the first 12 elements of N~. As before we can find disjoint 

open sets G(2,1) ,G(2,2) , . . . ,G(2,12)such that G(2, j )DF(1,  n(1,j)) and 

G(2, j)I"1 G, = O, for j = 1, 2 , . - . ,  12. Again we can find an infinite set N2 C N~-  

{n(1,1),n(1,2),...,n(1,1z)} and an index n(1, k), 1<=k<=12, such that 

I/z. I(G(2, k ) ) _  -< 1/12 for all n E N2. Let n2 = n(1, k) and choose an open set G: 

such that t ~  C G(2, n2) and }/Z,,zI(G2) > I/Z,~I(G(2, nz))-  l~ -1. 

Continuing in this fashion we can find measures (/Z,,)~=, and disjoint open sets 

(GE)~=, such that I/Z-~ I(G~)>ll/z.~ll-~f=,l? and I/Z,~, I(G~) <= 1[' if k > j .  Thus 

for  each k and < 

We will use Lemmas 1.1 and 1.2 in concert as 

LEMMA 1.3. Let F be a nonempty subset of Bctrr, K a compact Hausdorff 

space, and let /Z be a probability measure on K such that FCLI(/Z) .  If  
A(F, tz) = ~ > 0  then for every e > 0  there exist a sequence (/Z,)~=~CF and a 
sequence of disjoint open subsets (G.)7=~ of K such that 

a) I / z . l (O . )>a-  vn, 

b) I/z.,I U Vm, 
n,~m 

c) ):= ,, /z ) < e. 

PROOF. By Lemma 1.1 we can find a sequence (vk)~=l C F  and a sequence of 

disjoint closed subsets of K, (Ak)~=,, such that l imklv~/ (Ak)=8  and 

A ((VklA~.)~=,, /Z) = 0. TO get the required sequence ( /z . )~,  and open sets (Gn)7=, 

we apply Lemma 1.2 to (VklA~)~=~ and (A~)~=I. 

REMARK 1. Note that if K is 0 dimensional we can use the regularity of the 

measures (/Z.) to replace the sets ((3;,) by clopen sets (H,)  such that 
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a) 

h) 

c) 

REMARK 2. 

J ~ , I ( H , ) >  6 -  e Vn, 

[ , , - I ( ,U , ,  H , ) < e  Vm, 

Using Lemma 1.3 we can show that an operator T: C ( K ) ~  X is 

not weakly compact if and only if for some e > 0, r~(e, BccK~, T'B• -> 1. Indeed, 

it is well known that T is weakly compact if and only if T* is weakly compact. 

Also T*Bx. is relatively weakly compact if and only if there is a measure/x on K 

such that T*Bx. is uniformly absolutely continuous with respect to /z. Hence 

suppose T'B• is uniformly absolutely continuous with respect to some measure 

on K. Then if (~,)~=~C T*Bx. and (f,)~=~CBc~m with f , - ~ 0 ,  we have that 

(g. , / . )--*0,  for, by Egorov's Theorem f. ~ 0  uniformly on most of K and the 

/z.'s are small on the remainder. Consequently, ~7 (e, Bc~m, T*Bx.) = 0 for every 

e > 0. Conversely if no such t z exists, we can find a measure v and a subset 

F C T'B• such that F CL~(v) and A (F, v ) =  6 > 0. Hence by applying Lemma 

1.3 we can find a sequence of measures (v,)~=, and a sequence of disjoint open 

sets (G.):=~ such that Iv, I ( G . ) >  3/46 and [ v, IUk,,,Gk < 6/4. We now choose 

a continuous function [,EBctK~ for each n such that ( v , , / , ) > 6 / 2  and 
w 

sup/ .  CG..  Clearly [ , ~ 0  and any limit point of (v,)~_, is in 
P~(6/2, Bc~m, T'B• Therefore 7/(6/2, Bc~m, T*Bx.) _-> 1. 

In the proof of Theorem 0.2 we will construct a subset F of C(K)* and the 

subspace Y so that the evaluation map taking Y into Co(F) is an isomorphism 

onto Co(F) and F is homeomorphic to [1, to~']. The space Y will be a Co sum of 

spaces Y. isomorphic to C(to"), n = 1 ,2 , - . . .  Let us examine the structure 

of C(oJ"). 
If A is a set of ordinals and a E A let 

_ f sup{b lbEA,  b < a }  if a ~ i n f A  
a = ]  0 if a = i n f A ,  

e.g. if A = {to3j + to2k [j, k ~ N} and a = to3jo + to2ko then a-  = to3jo+ to2(ko - 1). 

Note that a-  need not belong to A and that if a E A  - A  n~~ i.e., a is not 

isolated in A, a-  = a. (We consider A as a subspace of [1, sup A ] with the order 

topology. For closed sets A this is the same as the order topology on A.) for each 

k, k = 0 , 1 , - . . , n  let 

,~k = {1,o .~ E [1, o,"l dCk'} 
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and ~ =  U~,=~,~k. From the Stone Weierstrauss Theorem it follows that 

[y] = c ( 0 2 " ) .  

The spanning set ,,~ will be our model for constructing the space I,'.. Note that 

we have a bijection between the points of [1, o2"] and the set { ( a - , a ] I a  E 

[1,w"] ~tk~, k = O, 1 , . . . ,  n}. In constructing the space Yo we will want to imitate 

the relationship between the point masses {6~:a _-< 02"} and the intervals 

{ ( a - , a ] l a E [ 1 , 0 2 " ]  d~k~, k = 0 , 1 , . . . , n } .  Our goal will be to find a subset 

{/z,~}~,_~,,. of T 'B•  and open sets {Go}~,o- such that if a E[1,02"] alk~ and 

/3 E (a , a]  then h ({#oj~z}o~,, .,,7,/z ) is  small and h ({ /z~}~ .~1, # )  is uniformly 

bounded away from zero. 

The next iemma describes a subspace of C ( K )  isometric to C(02 ~) and a 

norming subset of the dual. The measures {p.,}~,~, and the clopen sets {Go}.~., 

described below are the object of our construction in the next section. 

LEMMA 1.4. Let A = {tz~ }~=~ C Bcocr where K is a compact Hausdorff space 

and A is considered in the w * topology. Suppose that there are constants a E R 

and e > 0  and that for each a <- 02k there is a non-empty clopen subset of K, G~, 

such that 

a) Go ~ G~ if/3 E [1, 02k]a~ for some r <-_ k and /3 -  < a </3, 

b) G, n G o , = O  if a, a 'E[1,02~] "~" for some s , a r  a', 

c) 1~,, I( t_J G,)  < e where for a ~ [1, 02k ]~r the union is over all 3' E (a- ,  a ), 

d) I ~ , , ( G ~ , ) - a l < e  Va <=02 ~, 

e) Vo --<02 
Then Y = [ 1 ~ , ] ~ .  is a subspace of C ( K )  which is isometric to C(02 k) and[or all 

y E Y, sup{l(/z~,y)]: a =< 02k}= ( / a l -4e ) l ly l l .  

Consequently if l a t > 4e, y is normed by {/.t,}~_~. 

PROOF. Define an operator T: Y ~ C ( 0 2  ~) by TI~o = 1r ,~j for 

a E [1, 02k]~,~ s = 0, 1 , "  ", k, and extend linearly. It is easy to verify using a) and 

b) that T is an isometry onto C(oJk). 

Now suppose y = ET=o c, 1 ~, and that II Y II = I Y (t)l = ][ E,~s c, 1%11 = t y,~, e, I 
where J = {i/t E G~,}. There is a unique index l E J such that G,, CG~, for all 

i E J. Then by e) and the triangle inequality we have 

I(y, ~,)1 => J(y �9 1 ~o,, ~o , ) l -  [(y" 1~:,, ~t,,,)] 

where the umon is over all y such that G~ ~ G,,,; 
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by c) and 

by d) and c). Thus 

I ~  c, I l~.,(G~,-u a~)l e Ily II(la I-2~) 

I(Y, ~,>I----Ily II(la I - 4e ) .  

Our last lemma is a major tool in our construction. Recall that when we write 

A = {a.}~_~. the correspondence a.  ~ a  is a homeomorphism. 

LEMMA 1.5. Let (A.):=, be a sequence of disjoint w*-closed subsets of Bc(K)., 

K a compact Hausdorff space, and let ix be a probability measure on K such that 

U:=~ A. CL,(/z). Further assume that A. = {/z...}~_~,o,,-, for some ordinal [3(n) 

and that there are constants a > ~ >= 0 such that 

a 

h ((p...~.,-,):= ,, /z ) => a - ~:. 

Then for every 8 > 0 there exist an infinite subset M of N, disjoint open subsets 

(G.).~M of K, and subsets {u.,.}~_~,-~C{/z.,~}~__<~.,-, for each n E M such that 

h (U.eM{u~.~l~. : a =< oo~("~},/z) ~ ~ + 8. Moreover if K is O-dimensional, the sets 

(G.).~M may be chosen to be clopen. 

PROOF. By Lemma 1.3 there exist an infinite subset L of N and disjoint 

open subsets (G.) .~ .  of K such that [ i x . . . , , . , l ( G . ) > a - ~ - 8 / 4  and 

[/z. .~,- , l(U~. Gt) < 8/4 for all n E L. For each n E L, An is homeomorphic to 

[1, o)~ Hence any w* closed neighborhood of/z..~,~n~ in A.  is again homeo- 

morphic to [1, ~o~ For each n ~ L choose a function f. E Bc~K~ such that 

f . l~  = 0 and 

I<~j,.,, f.>-It~..~.,,.,l(G.)[ < 8/4. 

Le t  B .  = {/z..~ : t ( /z  .... f . ) -  ( i z . . . . , - , , / . )  I =< ~/4} .  

We claim that there is an I0 such that if M = L M {1 _-> 1o} 

h (  U {/x,~,~:/x-,~ ~B-} ,P- )=< '  + ' ~  �9 
\ m E M  

If not, by Lemma 1.1 we can find a sequence of measures (/x .... ).eL with 

/z,~.. ~ B. such that 
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36 
A((~ .... fo~).~L,u)>~ +-T" 

Moreover,  since /z .... ~ B., we have that 

lira I/z .... I(O.)  > lim I/z, , ,~,- , /(O,)- 6/4 >= a - r - 8/2. 

Thus since / z ( G , ) ~ 0 ,  

X ((# .... ).~L, tz)  > (a - ~ - 6/2) + (~ + 38/4) = a + 6/4, 

an impossibility. Consequently with M as above and {v,.,,}o~-~ = B, for each 

n E M, we have satisfied the requirements of the lemma. 

If K is 0-dimensional by Remark 1 following Lemma 1.3 we can choose the 

sets (G,).~M to be ciopen. 

2. Proof of the theorem on C(oJ '~) 

Before proceeding to the proof of Theorem 0.2 we will make a few 

observations and outline the argument. 

First note that in view of Rosenthal 's result [10] we may assume that T * B x .  is 

separable and consequently that there is a probability measure ~ such that for 

all ~, E T * B x . ,  v ~ iz. Second we will assume that lIT*fIE 1. Indeed, there 

is no loss of generality since ~7(e, Bc~K,T*Bx . )~ -~o  if and only if 

r/(e 1[ T*I[ -~, Bcoo,[[ T* I [ - 'T*Bx . )  >- oJ. Finally we will assume that K = A, the 

Cantor set. This assumption will allow us to use clopen sets and thus avoid some 

minor technical difficulties in constructing the subspace Y. We describe the 

modifications necessary to handle arbitrary compact metric spaces K in the 

remark at the end of this section. 

We divide the proof into two parts. In the first we prove a finite index version 

of Theorem 0.2 and in the second we show how to combine copies of C ( o " )  to 

get the required copy of Co(w'~). In each case we use the condition on the index 

to produce a subset K of T * B x . ,  homeomorphic to [1, w"] in the first case and 

[1, w ~] in the second, so that each sequence in K is not uniformly absolutely 

continuous with respect to/x. Then we construct a subspace Y of C(A) such that 

Y is normed by K. In the finite index case we will actually find a subset K '  of K 

with K '  homeomorphic to [1, w k~"~] so that the evaluation map from Y into 

C ( K ' )  is an isomorphism onto C ( K ' )  and k ( n ) ~ o o  as n ~ .  In the infinite 

index case we will again get a subset K '  of K but K '  will be homeomorphic 

[1, oJ']  and the evaluation map from Y into C ( K ' )  will be an isomorphism onto 

Co(K').  
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PROPOSITION 2.1. For every e > 0 and integer k there is an n = n(e, k) such 

that if T: C(5)---)X, where X is an arbitrary Banach space, ]]TJI~ 1, and 

~q(e, Bc(a), T * B x . ) =  > n, then there is a subspace Yk of C(A) such that Yk is 

isometric to C(wk), Tiv~ ig an isomorphism and I[(TI~.~)-~I[ depends only on e. 

PROOF. We will see how to choose n ( e , k )  later. We have that P . ( e ) =  

P. (e, Bc(a), T*Bx.) # (3. Let v,~. E P. (e)  and choose a sequence (v... ,~)7=1 C 
w o 

P.-l(e) such that v..  ,t---*v.~- and there is a sequence (f~.-,~)7=~CBc~a), 
w 

f~--,~ ---, 0, with iimt~=(vo.-~,fo.-~)>=e. For each I choose a sequence 
w *  

(v.~.-,,-.+o.-2,.)7.=,CP.-2(e) such that vo,--,,-,)+,~.~,. ,v~,--,~ and there 

is a sequence (f.--,,-.+.~--~.,)7. =1 C Bcca), f~.-,,-.+,o--~,. -~ 0, with 

hm,.~=(u~.-,,_,)+,o-2,.,f~.-,,-..~.-~,.)>-_e. Using the metrizability of the w* 

topology we may assume that for any sequence (v~.-,~+o,--~,.(t))7=l, 
w * 

l,.ta,~-ll+oj.-2m(i)"'"~ lJ~,. 

By repeating this process n times we get a subset {v~}~ of T'B• such that 

if c~ E[1 ,  to"] "~, v~ EP,(e) ,  and, for any integers l (1) , l (2) , . . . , l (r) ,  and /3 = 

w"-' l (1)+w"-21(2)+.. .+oJ" 'l(r) there is a sequence (/~+~. .... ~)7=,CBc(a), 
w 

f~§ .... ,---)0 such that lim(vo.,o- .... ,,/~+,~. .... , ) ~  e. 

Our set (vo),.=~o,. is not entirely satisfactory because we do not know that for 

any sequence (v~,)7=,, there is a sequence of functions (g,)7=1, such that g , - ~ 0  

and lira, (v~,,, g, ) -> e. 

Observe that if (g,)7=, C C(A) and g, -~ 0 then g~ ~ 0 in measure t~. For us it is 

enough to have our set {u,,},.~.~. satisfy the following property: 

(1)  

w *  

If (~'o%)r=l is a sequence of distinct elements such that v.r , v~, 

then there is a sequence (gr)7=l CBcta) such that g, --*0 in measure 

/z and l i m , ~ ( v ~ , , g , ) -  > _ e. 

To accomplish this we note that convergence in measure tz is a metric 

convergence. Let d ( , )  be a metric on C(A) for the topology of convergence in 

measure/z  (we may assume without loss of generality that Ix (G)  > 0 for all open 

sets G of A). Now by passing to a subsequence of (vo--,~)7=t we may assume that 

d(f~.-,~, 0 ) <  1/2' and (v,~- ,,, f,~.-,~) => e - I/2' for l = 1, 2 , - . . .  Similarly for each l 

we can assume by passing to a subsequence of (v~,--,z.~--=.,)7.=~ that 

d(f~.-,,.,~.-2,.,0)< 1/2 t+" and 

1 
( v o - - , , , . .  , , . , /~ . - , ,+ ,~ . -2 . , )  > e - 2,+---~-. 



372 D.E. ALSPACH Israel J. Math. 

Thus  for  every sequence  (V...-'I§ 

lim (v,~.-,,..--~,.,,,, f.--,,.~.-~,..~)_-> e 

and f~.-,t+..-~,,)~O in measure  /z. 

Consequent ly  by refining {uo}~,~- in the manne r  descr ibed above  we can 

assume that (1) is satisfied. This in turn tells us that for  any sequence  of distinct 

e lements  (v,,)7=, X ((vo,)7=l,/z ) => e. Indeed,  if we h ave a sequence  (v~.)7_-1 an d a 

sequence  (g,),=, CBc(a) such that g , - ~ 0  and l im,_|  -> e, then for every 

p > 0  we can find a subset K1 of A such that g , - -*0 uniformly on K~ and 

/z (A - g l )  < p. Then  <v,,,, g, > < l/g, tx, 11 I1 u,, 11 + I u,., I(A - K, )  and thus we can find 

an r such that /v~,l(A-g,)>-~-p, Hence  ,~((v~,),=l,/z)_-> e. 

Let  M = {qb~},,~,o, be a subset of Bc(a).. Then  for each 

(2) 

let 

/3 E [1, to'] ~'), s = 1, 2 , . - . ,  r 

M(s , /3 )  = {~b,,//3- < a </3} 

(recall that /3 was def ined pr ior  to  L e m m a  1.4). Note  that for  each s 

U {M(s, /3): /3 E [1, w']  ~'')} = M - M '') 

and if we fix /3 E [1, ~,]do) 

M(s,/3) -- U {M(s - 1, ~,): 7 ~ (/3-,/3] d"-')} U {~b,l 3, E (/33-,/3]d('-"}. 

The  main difficulty in our  p roof  is to construct  a subset M of {v.}.~.~., 

M = {&.}.~,.k§ (i.e., r = k + 1 above)  and a number  a -> 3e /4  such that 

(3) IA ( ( M ( s , / 3 ) ) a " ' , / z ) -  a I<  

for  all s,t,/3 such that O < t < s < k + l  and / 3 E [ 1 ,  tok§ d~'), where  ~ '= 

e �9 2-~-'/240. Let  us assume that we have found M and a. We will show that 

there  are clopen sets {G,~},,-~,ok satisfying the hypotheses  of L e m m a  1.4 with e /16  

replacing e. 

Befo re  we begin the construct ion of Y~ and the set {G,}~,o~ let us make  a few 

observat ions.  First a l though M is h o m e o m o r p h i c  to [1, to TM] the condit ions on 

M will only allow us to build Co(to'+l). Consequent ly  we will pass to a subspace 

Yk isometric to C(oJk). Second let us examine  the relat ionship be tween the 

condi t ions of L e m m a  1.4 and the condit ions we have imposed on M. T o  simplify 

mat ters  we will assume/z , ,  __-> 0 for  all a =< to ~ in L e m m a  1.4. 
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Condi t ions  d) and e) of L e m m a  1.4 imply that tlz.(Go~)-a[<2e for  each 

a _-< to k and hence  that for  any sequence  (~..)7=,,  h((/z~.lo ~)~=~,tz)< a + 2 e .  

Also we have that for  any s tuple of integers ( / ( 1 ) , / ( 2 ) , . - . ,  l(s)) and /3 = 

oJ~- ' / (1)+ . . .  + wk-'l(s), /z~+~,, .... ,(Gt~§ .-,~) > a - e for  r = 1 , 2 , . . .  by d) and 

the sets (G~§ .... ,)7=, are disjoint by b). Thus  h ((/z~+,o~ .... ,)7=,, tz) => a - e. Now 

consider  (~bo+~ .... ,)7=, = [M(k,  wk)] d(k-'. Ou r  assumption on M yields 

Also since 

we have that 

[ h ((,b0+,ok-. ,,)7=, t z ) -  a I<  ~'. 

k 

M-{ck,~*+'}=M(k+l,w~+') = U [M(k+l,w~)] a{'} 
r = 0  

= max Z ( [ M ( k  + 1, oJ~+')]d('),/x)_ -< a + ~'. 
O~_t~k  

Consequent ly  for  any sequence  (~ba.)7 =,, h ((,b..)~ = ,,/z ) _-< a + ~'. 

Our  more  restrictive condit ion,  

I h ([M(s,/3 )]~('), tz ) - a [ < ~', 

is made  necessary by our  " level  by level"  construct ion of the sets { G ~ } ~ . .  By 

this we mean  that we will first find G~k and p.k, then we find a sequence  of 

disjoint clopen subsets (G~k-'J)7=l of G ~  and measures  (P~k-'m))7.)=~. For  each 

1(1) we find a sequence  of disjoint c lopen subsets (G~k-a(,(1)_l)+~k-zt(2))~(2)=l of 

G,o,-,,1) and measures  (~.o~-,(m)_,)+~-~m))7~2)~, and so forth.  In this way the 

funct ions { l a . } , , . ,  behave  exactly as the family of funct ions ~ that  we def ined 

pr ior  to  L e m m a  1.4 (with n = k in this case) and the measures  { / ~ } . ~  behave  

like the point  masses {6~}~-~.,. We  will now construct  these measures  and sets. 

Let  A~ = {~bo I~ok( / -  1 ) <  a _-< oJ~l}, l = 1 , 2 , . - .  and r =2~', then 

= < a + ~  and h ( ( 4 ~ , ) L , , ~ )  

= h ( [M(k  + 1, c0k+')]"(k), tZ) > a - ~'. 

Thus  by L e m m a  1.5 with 6 = ~ we get an infinite subset L C N, disjoint c lopen 

sets ( G , ~ , ) , ~  and subsets {~0o [wk(l  - 1 ) <  a --<-- ~o~l} of A~, l ~ L, such that  
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/ \ 
(4) a k( l -  1)< _-< < .  

If we examine the proof of Lemma 1.5 we see that the subset {@.: o)k(l - 1 )<  

ot <= WEI} is in fact a neighborhood of 4)~,'t. Thus we may assume that it 

is of the form {4)~:o)k(l-1)+o)~-'r<a<=(o~l} for some integer r. If 

/3 E [o)k(l - 1)+ o)~-'r, oJkl] "~') for s < k, M(s,/3) C{~b~ : o)k-'(l - 1)+ o)k-'r < 

a _-< o)kl}. Consequently this neighborhood has the same properties as the set At. 

So we may assume without loss of generality that the subset {~0, : ~0 ~ ( l  - 1 )  < a < 

~o~l} is in fact At itself. 

By passing to an infinite subset L '  of L we can assume that 

(5) 4)~,,a=, l ( ,U G.k,) < 4~ 

Va E (to k (/' - 1), tokj] and j ~ L', and consequently we can assume that this is the 

case for L itself. (Recall the observation we made following the definition 

of A ( , ) . )  Also since A(I..JLlA~,lz)<=a+ff we can assume for all a E  

(to~(l - 1), tokl] that 

(6) I~o/(G,.,,)<a+2C fo ra i l  IUL. 

Fix l E L and find disjoint clopen subsets of G,~*t, say, G+.,~ and Gm,~ (which 

are almost the positive and negative sets for 4,.*,), such that 

14)o,~,lGL~,-rk~,~,(G;,O< ~ and 

(7) 

, o . , ( a> , )  + 14,o., I a > , <  

This splitting of G~,~ fixes the sign of the functions we will take to span C(mk). 

For the rest of the argument we will assume that G:,~ = G~,~ rather than carry 

out the construction on both G:,~ and G 2,,t. (Also, we will not use any of the sets 

G~,, s #  l, s E L, in the remainder of the argument.) 

Our next step is to find a sequence of disjoint clopen subsets (G.,,(H)..,,,,)rt~)-~ 

of G,o~ which will form the second level of sets in our construction. 

Choose m such that 

(8) I (6,~', - 6-~(,-,)+0,~-',(,), la.,,)l < 

for all l (1 )=  > m. Note that 

(~b,o'(,-,)+,o',(,))~(,)=, = [M(k, o)kl)] '~k-'), 

so that by (3) and (4) 
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(9) 

and 

A (dh,/.(H)+,.,,-,m)lo~,,),(,)~,,,, # ) > a - 4~'. 

Thus using L e m m a  1.3 we can find an infinite set L(1)CN and disjoint clopen 

subsets  of G~,,, say, (G,o,,-~+.,,-,,o),~)<L(. such that 

I,/,,. '(,-,,+.~' ',(,,t (O..,( ,_,)+~.-, , , , ,)  > a - 5~  

I(h ~.'(, ,)+,..'-',(,)1 ( U G..,.(,-,)...,"-,.) < ~' 

where  the union is over  all r E L ( I ) -  {I(1)}. Hence  by (6) and (9) 

(10) 

and 

(11) _- (~.ok(i l)+,ok-h(l)(G.,k,)-- I~).ok(t--O+~k ',(~)I(G~", -- G ~ .  ,)+~ '.~)) 

4 )~1 (G . . , ) -  ff - 7~" > a - 155 

by (8). (I0), and (7) (we can assume I (#.,, [ ( G ~ )  > a - 5~ by (3) and (4)). Also b.y 

passing to an infinite subset  of L(1)  we may assume that 

I ~  ~, I U o~.,,_,,+o~-,,(. < ~. 
t(I)EL(1) 

Our  second level of sets and measures  is now complete .  

For  each / (1 )E  L(1)  choose  m = m(/(1))  such that 

(12) I((~k(I--1)+~k-II(l)-- ~0k(I--l)+~O ~: 1(1(1)--1)+~k--21(2)1 la~,,_,,+~. '1(1))t < 

for all /(2)_-> m. As before  

A ((~k(l--l)+.k--l(l(l)--l)+.k--2,(2))l(2)~., ~ ) )  a -- ( 13 )  

since 

SO 

(~b.~.(,_,).,~-,(,m_,,+...-~,(2,)~z)=~ = [ M ( k  - 1,  oJ k ( l  - 1) + ~k-'/(1))]d(k-:). 

=> a - r - I 5 ~  - 6~  = a - 2 2 ~  r 
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because  

~'(,-,)+,~'-'(,(,)-,)+.~' ~,cz)(G.~u-,)+.~-,,(,))> a - 15~r - st, 

by (11) and (12), 

I (b.'u-,)+~'-'(,o>-,)+.~'-'.2)l (G~."t) < a + 2~ r, 

(14) 

and 

(15) 

Again by using Lemma 1.3 we can find an infinite subset  L( / (1))  of N and clopen 

subsets  (G~(,-,)+o.k .(.o-.+~ ~ ~,c2)).2)~.o)) of G~.~u_~)+.~-,.o such that 

!4).~'(, ,)+.'-'(.,)-,)+.'-'i(2)I(G.'(,-,)+.:(.o-,)+~'-'.2>) > a - 23~" 

I ~..ku-o+.o k 'm)I 

Hence  by (14) 

since 

by (6). and 

where  the union is over  all r E L ( / ( 1 ) ) -  {/(2)}. 

We  may also assume (by discarding a finite subset  of L(I(1)))  that 

~J G~J'(t-l)+ok-t(t(1)-l)+,ok-2t(2) < ~. 
I ( 2 ) E L ( I ( I ) )  

l ( b o ' . - , ) + - '  '.(,)-,>+..'-',(.>I(G..', - G . . ( , - , ) . . .  , ( , ( , )- ,)+.:- . , ( . ))< 25~" 

] ~.o'~,-,>+~'-'(,(,>-,>+.*-~.~)I(G..',) < a + 2~r. 

k k I k 2  k k I k 2  

__--> ~,ok(t_,)+o,'-'(t(,)_,)+,ok 2t(2)(G,o'tt-,)*~k-'t(l)) 

- I ~,-,)+..-,~,(,)-,)+~.~-~,(2)l(G~..-o+...-,.,) - G...._,)+~.-,(.,)-,)+,~. ".20 

_-> a - 15~" - 26~ r = a - 41~ r. 

Here we have used (12), (14), (6). and (11). 

by (6). and by (4) 
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Cont inuing in this fashion we obta in  a subset  { / z o } ~ k  of {4'~ : tok (l - 1) < a _<- 

w~l} and clopen subsets  (H~)~.~,~k of G,o~, such that  for  any s - tup le  of  integers  

1 ( 1 ) , / ( 2 ) , . . . , l ( s ) ,  s <= k: 

H,,,  k -,t 0)+~ k-2t(2)+.-.+~ k-'t(,) 

C H E  = . ~ = G , ~ ,  l < r < s ;  

b') H,o k-'1(1) + k-~t(2) + ... +,o k-'l(~) 

n H~-.,..)+~k-~,.(z)+ ..... ~-',.(~) = O 

if (m (1), m ( 2 ) , . . . ,  m(s ) )  is different f rom (1(1), 1(2) , - . - ,  l (s)) ;  

r = l  

< [ = e2-k-~/240 ; 

< (2' - 1)15~ + lOf  -< (2 '* '  - 1 ) e 2 - k - ' / 1 6 ;  

< (2' - 1)15[ + 10~" = (2' - 1)e2 -k ' / 1 6 +  10e2-k- ' /240.  

H e n c e  the hypotheses  of L e m m a  1.4 are satisfied for  a and e/16.  

If we had not assumed G+~k,= G~k~ then for  the measures  

P, = ~b~ �9 ( l a : , , -  1~ k,), tok(l - 1) <: a --- tokl, 

we could comple te  the a rgumen t  as above.  Clearly the space  

Z = { y  �9 ( l c ; , , -  l ~ : , ) l y  E Y} 

would be isometr ic  to C(to k) and n o r m e d  by {4~: t o ~ ( l -  1 ) <  c~ _-< wkl}. 

REMARK. F r o m  L e m m a  1.4 we get the es t imate  I[ T; II --< 1/(a - e /4)  _-< 2/e. It 

is easy to see that  by sharpening  our  es t imates  that  for  any e '  < e we can find a 

subspace  Y such that  II r;~,ll--< 1/e ' .  

It remains  to show that  we can find the set M satisfying (3). 

Let  F = {v.}._~,~- and for  each i,j,r ON i < j  _-< n,/3 ~ [1, tO"] do) consider  the 

number s  

a (F( j , /3)"~ ~.) 
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where  F(j , /3)  is defined analogously to M(j , /3) ,  i.e., as in (2), F( j , /3)  = {v~ I/3- < 

a </3}.  Our  construct ion of M is in three  steps: 

(i) Find numbers  a,, such that 

IA (F( j , / 3 )d" ' ,~ ) -a~ , l<~ /8  V/3 E [ 1 ,  to"] d~ 

0 =< i </" < n by passing to a subset of F of the same h o m e o m o r p h i c  type. 

(ii) Use Ramsey ' s  T h e o r e m  on (a~,) to find indices i ( 0 ) <  i ( 1 ) <  . . .  < i(k + 1) 

with a,c,~,,~ = c. 

(iii) Find a subset M of F h o m e o m o r p h i c  to [1, to~+l] such that 

IA(M(s , /3)d% U,)- c ] < ~. 

Step i) We use the following temma: 

LEMMA 2.2. For every n and `5 > 0  i f F  = {v,~},~-, 0_-<l[v[I- < 1, Vv E F, and 

cz, c2,'" ", c, is a `5-net in [0, 1] there is a subset D of F and indices r(j, i) E 

{ 1 , 2 , . . . , r }  such that 

1) D is homeomorphic to [1, to"], 

2) IA(D(j , /3)~~ for all i,j,/3, O < i < j < = n  and/3 E [1, to"] d~ 

PROOF. We use induction on n. If n = 1, F is a sequence  (vk)~=l and its limit 

v,o and there  is only A (F(1,  to)d~~ tz ) to consider.  Since {c~, c 2 , "  ", c,} is a `5-net in 

[0,1] there  is an integer  r ( 1 , 0 ) E { 1 , 2 , . . . , r }  such that [A(F(1,to)d~~ - 

c,o,0~l < & Thus  D = F satisfies 1) and 2) with r(1,0).  

Now suppose the lemma is t rue for  n - 1 and F is h o m e o m o r p h i c  to [1, to"]. 

Then  the set Et = {u, : to"-~(l - 1) < ot = to"- ' /} is h o m e o m o r p h i c  to [1, to"-~], for  

each I. Since the lemma is valid for  n - 1, for each l we can find a set of indices 

{r(j, i, l): 0 =< i < j =< n - 1} and a subset D~ of E~ h o m e o m o r p h i c  to [1, to"-~] 

such that 

I A (D, (j, /3)~~ /x ) - c,0.,.1~ I < ,5. 

Since there  are only finitely many pairs O', i), O<=i<j =< n -  1 we can find an 

infinite subset L of N such that 

r ( j , i , l ) = r ( j , i , m )  f o r a l l  l, r n ~ L ,  

0 =< i < j =< n - 1. Let  D = ~ , ~ L  Dt (which is clearly homeomorph i c  to [1, to"]). 

Then  for all i,j,/3 such that 0=< i < j  =< n - 1 and /3 E [1, to"]dO~ 

D (j, /3 ) = D, (j, /3 ) for  some I E L  

and hence 
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I h (D (/',/3) a~  c,o.,.,)l < 8. 

Also for each i, i -- 0, 1 , - . . ,  n - 1 there is an index r(n, i) E {1, 2 , . . . ,  r} such that 

l ;t ( D ( n ,  ,o~ < 8. 

Thus letting r(j, i) = r(j, i, l), l ~ L, 0 =< i < j _--- n - 1 we have proved the lemma 

for n. 

To complete  Step i) we apply L e m m a  2.2 to F with {c~, c 2 , "  ", c,} an ~/8-net in 

[0, 1] such that for I = 2, 3 , . . . ,  r, c, - ct-~ = ~'/8 and let as, = c,o.,), 0 <= i < j <-_ n. 

Step ii) By Ramsey ' s  Theorem [3], if n is sufficiently large there are indices 

i ( O ) < i ( 1 ) < . . . < i ( k  +1)  and m, l=<m < r  such that 

a,~.~,~=c,, for all s,t, 0 = < t < s = < k + l .  

Step iii) In this step we must find the set M so that 

I A ( M ( s  ' ~)d(o, tz ) _  c l <  ~'. 

This would be easy if the indices i (0), i (1), �9 �9 i (k + 1) were consecutive. Indeed,  

suppose i ( k + l ) = / ,  i ( k ) = l - 1 , . . . , i ( O ) = l - k - 1 ,  and consider M =  

D(l ,  to') t'-k-~). Then for each s, t, 

M(s , /3 )  a " ' =  D ( I  - k - 1 + s, tO'-k-'[3) d"-~-'§ 

and consequently t A (M(s ,  [3)~"), tz ) - a,t~).,(,t < ~. 

To handle the nonconsecutive case we use 

LEMMA 2.3. Let  A C Bctar and let Ix be a probability measure such that 

A CLI(/Z). Suppose A = I..J[=~A~ U{v} and there exists a 8 > 0  such that 

[ A ( A , ) - A ( A , , ) I < t 5  for all l ,m.  Further assume that if (a~)~'~CA such that 

a ~ A s  then l i m ~ . a ~ = v .  Then there is a sequence (u,)7=~CA such that 

u. --~ v and 

PROOF. 

(I) 

I A ((v,) :=, , /z)  - A(A, ~)[  < 38. 

We divide the a rgument  into two cases: 

lim h (A , , t z  ) >  h ( A ,  tz ) -  2& 

For each l, A ( A ~ , t z ) > A ( A , / ~ ) - 3 &  By L e m m a  1.1 for each l there are a 

sequence (U~.k)~=l and disjoint closed sets (At,~)~l such that 

lira I v~.k I(At.k)= A(A,, tz). 
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For each l choose k( l )  such that 

I v,.~,) I (A,.E(,)) > A ( A , / x  ) - 38 

and 

/z (At.kt,)) < 1/1 

and let v~ = V~.kt~). Clearly lim~_~. ~,~ = ~, and 

A(A, p.)=> A ((~',)7~ ~,/z)= > A (A , / . t ) -  3& 

m 

(II) lim )t (A,,/~ ) < ,~ (A, ~ ) - 2& 

By Lemma 1.1 there is a sequence (v . ) := tCA such that A((v.):=~,/z)= 

)t (A,/z ). Since )t (A~,/z ) < A (A,/.t ) - 8 for all l, for every m there is an N such 

that (v.)7~N n ( U ? ~  A,) = O. Hence there is a subsequence of (v.):=. such that 

lira ~,.tk~ = ~, and A((v.tk~)~=.,/z)= A(A,~) ,  
k ~ 

and the proof of the lemma is complete. 

We will show by induction on k that given indices i (0 ) , i (1 ) , . . - , i (k  + 1) 

such that 

IA(D(i(s),/3) "('(')', m ) -  c I< ~/8 

there is a subset M of D homeomorphic to [1, tOk*l] such that 

(16) 

and 

IA(M(s,~3)a~'),# ) -  c I < ~ 

M(s, f l)~~ 3,) ~~176 for some 3' E [1, to.]do~.j~ 

for each fl E [1, tok+l] dr'), O<=t<s<=k +1,  (c = c,~). 

If k = 0 and i (0 )<  i ( 1 ) - 1  ( i (0)= i ( 1 ) - 1  is the consecutive case, which we 
discussed earlier) consider D (i(1), tO"l))dt"~ 

D(i(1),  tO.l~)~(.o>)= 0 D ( i ( 1 ) -  1, tO,t)-~l)d,~O~. 
/ = 1  

By Lemma 2.3 with At = D (i ( 1 ) -  1, tO ~l)-tl)aC"~ is a convergent sequence 
(v.):~l in D(i(1),  tO.~l))~(.o>> such that 

I A ((v.)7~ 1./z ) - A (D (i (1), tO't~')d"'~ )1 < 3~'/4. 
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Letting M = (v,,)~=, we have 

o,)d'~ - c I <  r 

Suppose we have proved that such an M exists if k =< p - 1 and we are given 

i(0), i (1) , . . . ,  i(p + 1). Consider D(i(p  + I), ~o'<P+') a"(p'. If i(p + 1 ) -  1 > i(p), 

D(i(p  + 1),~o"P+l') a'''"'= 0 D( i (p  + 1 ) -  1, ~o"P+'-'l) d(''P,'. 
/ = l  

Applying Lemma 2.3 we can find a sequence (v,,)~=l C D ( i ( p  + 1), ~o'c~'') ""p~) 

such that l a (v . )~=~, /z ) -c t<~"  and if D = {d,~}~o,o, l i m . ~ v .  = d~.~+.. Since 

u. E D( i (p  + 1), ~.p+.)a.~.,, for each n, v. = d~,o for some a .  E [1, oJ"P+'] a~ 

In the simpler case when i (p) + 1 = i (p + 1), we take d,,o = d,o,,, . . . . .  ., Now define 

D. = D( i (p) ,a , , )= D(i(p),an)t_J{doo}, n = l , 2 , . - .  

The sets D.  are disjoint and each is homeomorphic to [1, oJ"P)]. Note that 

I A (D, (i(s),/3) a~'c'', u ) -  c I< ~r/8, 

O<-t.<s <=p. Hence by induction we can find subsets M~ of D~, M, 

homeomorphic to [1,~o p] such that M~J:={d~~ and satisfying (16) (with 

k + l = p ) .  

Let M = ~JT~ M,. Clearly M is homeomorphic to [1, ~o ~§ and if 0 _-< t < s =< 
p and /3 E [1, co~+~] a"~ 

IA(M(s, fl)d"',Ix )-- C I < r 

If S = p + l  and /3~[1,~o~§ ~ * ' ,  then /3= to  ~+' and M(p+l,~oP+~) a(~)= 
(d~o);=,. Thus I~(M(p + 1, ~ * , ) ~ c ~ ) I ~ ) - c ! <  ~. Finally if 0 _ - t <  p, 

U {M(t + 1,/3)d'~:/3 C [1, oJe*'] a~'§ C M ( p  + 1, oJP+~) d~'' 

CD( i (p  + 1), oJ'<o*") ~''<'' 

and hence 

c - ~ < )~(M(t + 1,/3)d(,), u) 

<= A (M(p + 1, oJP+~) d(')) 

<_ A (D(i(p + 1), ~o'(P+') d~176 ~ ) 

< c  + U 8 .  

The construction of M is complete. 
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We now prove the main theorem. The argument is much the same as the first 

part of the proof of the previous proposition. 

PROOF. Since 71(e, Bcta), T*Bx.)>= to, P,,(e) = P,o(e, Bcta), T * B x . ) ~ .  Let 
w* 

v,- E P~ (e). For each n choose v,. E P, (e) such that v,- ~ v and such that 

there is a sequence (f,,.)7=~ CBct~) with d(,f~.,0) < 1/2" and (v,.,fo,.)> e - 1/2". 

(Recall d ( ,  ) is a metric for convergence in measure/z.)  Now we continue just as 

in the proof of Proposition 2.1 to find a subset {v,,},,~,- of T'B• such that if 

v,,---~ v,, then there is a sequence (gr)CBc~a), g ,~O in measure tz, such that 

limr~=(v,,,,,g,} >- e. 
Let eo = sup{e 13(v~.)~=, D a((v~.)~=,,/,)~_ e and v... E {v~}~,.-} and note 

that the supremum is attained. Let (/,,.-)~=t be a sequence for which 

a((tz~-)7=,,tz)= eo and (by passing to a subsequence) we can assume that 
f }d(sn) ( Id(Sn+l) 

if ~ , . .~ /v~t~ ,~= and /~,o.+,E/u~i. =~,o then s.+n+l<=s.+~. For each n 

choose a subset {p.~}..-,<.<,o-~' '~"-'+" " ,o.) L-~u . I~  -Iv~t~_~-such that {~},o.-,<o<,0.= 

{>. }~.-,<,,=,... If we let A.  = {>~ },~.-,<,,=,~., a = Co+ e/16, and s r = e/8, then there 

is an no such that the hypotheses of Lemma 1.5 are satisfied for (A.)~=.o. Indeed, 

we need only verify that ~ (l..J~=.o A., t~)--< eo + e/16 for some no. If this were not 

the case, we could find a sequence (>,,.)~=1 such that ~,,. E A.  for all n and 
/ "tO") A((lz,.):=~,u)>eo+e/16. But then /z,~.Etu.,.,=== for all n and hence 

a (0.~.)7=, ,  ~ ) --- ~o. 
Thus letting 6 = e/16, we get an infinite set MCN, disjoint clopen sets 

(G.).eM, and subsets {p=},o--,<~.-C{/.~,,}=.-,<,,~,o., VnEM,  such that 

,~(U.~M{p,.raa: to"-~ < a _-< to"}, /~)< 3e/16. Now choose an n~ such that 

,p~,~,(U=MG,)<=e/4 fora l l  a, to" - '<a_-< to  ", VnEM.  

We now consider a fixed n E M, n _-nt and the measures {p~j~.}=. ,<o=~.. 

Note that for any sequence (a,)7=~, ;t ((p.~.  ), /z ) _-> e 0 -  3e/16 > 3e/4. Conse- 

quently we are in the same situation as at (2) in the proof of Proposition 2.1 with 

e replaced by 3e/4. Thus by that argument if n is sufficiently large there is a 

subspace Y~ of C(A), Y~ isometric to C(to ~) such that each y~ ~ Y~ is supported 

in G. and 

Ilyl] < 2  sup I(p=ro.,Y)l Vy ~ Y,. 
a)lt - I (~t  ~wk 

Choose n(I) ,  n (2) , - - -  according to the proof of Proposition 2.1 so that we 

have Y~ on G,t~) as above and consider Y = [Y~]~=I. If y C Y, 
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I ly l l=supl ly~ l l= l ly~o l l  f o r s o m e  /Co, 
k 

where y = E~=~ yk, yk E Yk. Therefore 

Note that 

Hence 

or  

Thus 

Ilyll=lly~oll_--- 2 sup I(P~ro.,Y~.)I for n=n(ko). 
to n -  l , ~a  ~ t o n  

I(p~, y)l ~ r r(p~o., y~0)l- I (p~Joa, Y)II 

E 
I <p~,o., y~o>J-~ Ily II. 

_ 1 
II y 11 ~ 2 sup I<p~, y>[ + ~ Ily II 

t o n - l < a  <to  n 

fly II < 4  supl(p~, y)P. 

II T~ II ~ 4/e. 

We assumed in the proof that K = A, the Cantor set, so that we REMARK 1. 

could use clopen sets {G,}~,~ rather than open sets in the construction of Yk. In 

the general case we can find continuous functions {f~ }~,o~ supported in open sets 

{G~}~o~ which closely approximate {lo~}~,o~, i.e., if /x~ is the measure 

associated with the open set Go, we find an open set G', G'CG'CG,, ,  with 

/xo(G') close to/zo(G~). Then we can take [o to be a continuous extension of 

lo~+ 0- lo~. To insure that we get an isometric copy of C(co k) we construct the 

functions f0 for/3 such that G~ C G, so that the support of f0 is contained in G ' .  

This may entail discarding a few of the Go's. Indeed we can find an open set 

G"CG"CG" and let g~ be an extension of lo~+0.1~2.  Then if G"  is chosen 

correctly f g,~d,o is nearly f f ,  A,,. and we can consider those/3 such that f g~,d,~, is 

close to f g,A,~.. 

REMARK 2. If we weaken the condition that Y be isometric to Co(cO ~) to 

require only that it be isomorphic to Co(~O ~) we can obtain this result by using 

the fact that there is a quotient map from C(A) onto C(K) [4], and applying the 

case K = A to the map TO. 
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COROLLARY 2.4. If X is a complemented subspace of C[0, 1], which contains 
C(to ") uniformly for all n, then C(to ~') is isomorphic to a complemented subspace 
o[X. 

PROOF. r/(1, Bcto,.), Bcto').) = n for each n. Thus by Proposition 0.1 there is an 
e > 0  such that P,(e, Bx, B x . ) # O  for all n and hence 

n (E, B,,, B,,.) >= to. 

If P is the projection, ~(e, Bcto,~,P*B• to. By Theorem 0.2 X contains a 
subspace isomorphic to C(to '~) and thus a complemented subspace isomorphic to 
C(to') by the result of [9]. 
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